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Ol NOIDAU 


Xpuon sach BAI TAP HINH HOC 11 duffc bien soan nhdm giup cho 
hoc sinh l&p 11 co them tai lieu tu hoc va tu ren luyen de nam viing 
cac kien thifc va ki nang co ban da duoc hoc trong sach giao khoa 
Hinh hoc 77, tao dieu kien gop phan doi m&i phuong phcip day va 
hoc 6 trudng THPT hien nay. Noi dung cuon sach bam sat theo noi 
dung cua sach giao khoa moi, phu hop voi chuong trinh Giao due 
pho thong mon Toan cua Bo Giao due va Dao tao vita ban hdnh 
nam 2006. 

Noi dung cuon sach nay gom : 

Chirong I : PMp doi hinh va phep dong dang trong mat phang 

_ _ /> ^ 

Chirang II : Du&ng thang va mat phang trong khong gian. 

Quan he song song 

Chirang III : Vectatrong khdng gian. 

Quan he vuong goc trong khong gian 

Bai tap cuoi nam 

Noi dung cua mdi chuong duoc chia ra nhieu chu de, moi chit de la 
mot xoan (§). Trong tifng xoan, cau true duoc trinh bay theo thu tu 
nhusau : 

A, Cac kien thuc cSn nh 6 : Phan nay neu tom tat nhifng kien thuc 
co ban va ki nang co ban can nhd da duoc trinh bay trong sach 
giao khoa Hinh hoc 11. 

B. Dang toan ca ban : Phan nay he thong lai cac dang toan thudng 
gap trong khi lam bai tap, neu ede phuong phap giai chu yeu va cho 
cac vi du minh hoa, dong thdi cho them cac dieu luu y can thiet. 
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C. Cau hoi va bai tap : Phan nay nham muc dlch cung co va van 
dung kien thiic va kT nang co ban de tra Idi cau hoi va lam bai tap 
thuoc cac dang vita neu d tren, tao dieu kien cho hoc sinh ren luyen 
them ve phong each tu hoc. Cuoi mdi chuong co cac bai tap mang 
tinh chat on tap va mot so cau hoi trac nghiem nham giup hoc sinh 
lam quen vdi mot dang bai tap mdi. 


Cuoi sach co phan hudng ddn giai va dap so cho cac loai cau hoi 
va bai tap. 


Mac du cac tac gia da c6gang rat nhieu, nhung chac rang khong the 
tranh duqc cac thieu sot. Rat mong cac doc gia vui long gop y de cho 
nhung Ian tai ban sau, cuon sach se duqc hoan thien tot hem. 


CAC TAC GIA 


/ 
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_ CHlfONC I 

PHEPDOlHiNH 
VA PHEP DdNG DANG TRONG MAT PHANG 


§1. PHEP BIEN HINH 
§2. PHEP TINH TIEN 

A. CAC KIEN THLfC CAN NHCJ 


I. PHEP BIEN HINH 
Dinh nghia 

Quy tac dat tucmg ting mSi diem M cua mat phang vdi mot diem xac dinh duy 
nhat M' cua mat phang do duoc goi la phep bien hinh trong mat phang. 

Ta thircmg Id hieu phep bien hinh la F va vie't F(M) = M' hay M' = F(M), khi 
do diem M' diroc goi la anh cua diem M qua phep bien hinh F. 

Neu 3# la mot hinh nao do trong mat phang thi ta ki hieu = F{3&) la tap 
cac diem M' = F(M), vdi moi diem M thudc Ftf. Khi do ta noi F bien hinh Ftf 
thanh hinh hay hinh la anh cua hinh qua phep bien hinh F. 

Dd chting minh hinh la anh cua hinh qua phdp bien hinh F ta co the 
chting minh : Vdi dilm M tuy y thuoc & thi F(M) e va vdi mdi M' 
thuoc thi co Me 3# sao cho F{M) =M’. 

Phep bien hinh bien m6i diem M cua mat phang thanh chi'nh no duqc goi la 
phep dong nhat. 
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II. PHEP TINH TIEN 

Dinh nghia 

Trong mat phang cho vecta v . Phep bien ,_’ 

hlnh bien m6i diem M thanh diem M' sao 

-♦ / 

cho MM' -v dirac goi la phep tinh tien / 

theo vecta v (h. 1.1). /_ 

, . . , M 

Phep tinh tien theo vecta v thuang dirac ki 

hieulaT-. * Hinhl.1 

Nhir vay T- (M) = M '« MM' = v . 

Nhan xeL Phep tinh tien theo vecta - khong chinh la phep dong nhat. 


III. BIEU THtrC TOA DO CUA PHEP TINH TlfiN 


Trong mat phang Oxy cho diem M(x; >’), v (a ; b). Goi diem M\x ; y’) = T- (M). 


Khi do 


x' = x + a 
y=y + b. 


IV. TINH CHAT CUA PHEP TINH TIEN 

Phep tinh tien 

1) Bao toan khoang each giCfa hai diem ba't ki; 

2) Bien mot duong thang thanh dirbmg thang song song hoac trung vdi dirong 
thang da cho; 

3) Bien doan thang thanh doan thang bang doan thang da cho ; 

4) Bien mot tarn giac thanh tarn giac bang tarn giac da cho ; 

5) Bien m6t dircmg tron thanh dirong tron co cung ban kfnh. 



Van 1 


B. DANG TOAN CO BAN 


Xac dinh anh cua mot hinh qua mot phep tinh tien 


6 



1. Phuomg phap gidi 

Dung dinh nghla hoac bieu thtfc toa dp cua phep tinh tien. 

2 . Vi du 

'Vtdu 1. Cho hinh binh hanh ABCD. Dung anh cua tarn giac ABC qua phep tinh 
tien theo vecto AD. 

gidi 

Vi BC = AD nen phep tinh tiPn theo vecto 

AD bien diem A thanh di^m D, bien diem 
B thanh di^m C (h.1.2). D6 tim anh cua 
di^m C ta dung hinh binh hanh ADEC. 

Khi do anh cua di6m C la di^m E. Vay anh 
cua tarn giac ABC qua phep tinh tien theo 

vecto AD la tarn giac DCE. 

'Vtdu 2. Trong mat phSng toa dp Oxy cho v = (-2 ; 3) va dudng thang d c6 
phuong trinh 3x - 5y + 3 = 0. Viet phuong trinh cua dudng thang d' la anh 
cua d qua phep tinh tien . 

gidi 

Cach 1. La'y. mot diem thubc d, chang han M - (-1 ; 0). Khi do 
M' = 7- (M) = (-1 - 2 ; 0 + 3) = (-3 ; 3) thubc d'. Vi d' song song vod d nen phuong 
trinh cua no co dang 3x - 5y + C = 0. Do M' e d' ndn 3(-3) - 5. 3 + C = 0. 
Tir do suy ra C - 24. Vay phuong trinh cua d' la 3x - 5y + 24 = 0. 

, , fx' = x-2 

Cach 2. Tir bi6u thdc toa d6 cua 7- :<^ suy ra x = x +2, 

[y = y + 3 

y = y’~ 3. Thay vao phuong trinh cua d ta dupe 3(x' + 2) - 5(y’ - 3) + 3 = 0, 
hay 3x' - 5 y' + 24 = 0. Vay phuong trinh cua d’ la : 3x - 5y + 24 = 0. 

Cach 3. Ta cung co the’ la’y hai difim phan biet M, N tren d, tim toa do cac anh 
M', N' tuong irng cua chung qua 7^. Khi do d' la duemg thang M'N'. 

Vi du 3. Trong mat phang toa dp Oxy cho dudng tron (C) c6 phuong trinh 

x 2 + y 2 - 2x + 4y - 4 = 0. 

Tim anh cua (C) qua phep tinh tien theo vecto v = (-2 ; 3). 
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gidi 

Cach 1. DO thay (C) la dudng tron tam /(1 ; - 2), ban kinh r - 3. Goi 
V = 7^(7) = (1 - 2 ; - 2 + 3) = (- 1 ; 1) va (C*) la anh cua (C) qua thi (C*) 
la dudng tron tam /' ban kinh r - 3. Do do (C") co phirong trinh 

(x+ l) 2 + (y - l) 2 = 9. 

Cac/z 2. Bieu thurc toa do cua T$ la \ X / X ^ =>\ X X / 

[y =>' + 3 [y = y -3. 

Thay vao phirong trinh cua (C) ta diroc 

(x' + 2) + (/ - 3) 2 - 2(x' + 2) + 4(y' - 3) - 4 = 0 
<=> jc' 2 +/ 2 + 2x'-2y' — 7 - 0 


«(/+l) 2 +(/-l) 2 =9. 

2 2 

Do do (C") co phirong trinh : (x + 1) +(y-l) =9. 



Van Je 2 


Dung phep Linh Lien de giai moL so bai Loan dung hinh 


1. Phuong phdp gidi 

De dumg mot diem M ta tim each xac dinh no nhu la anh cua mot diem da biet 
qua mot phep tinh tien, hoac xem diem M nhu la giao cua mot dudng c6' dinh 
vdi anh cua mOt dudng da biet qua mot phep tinh tien. 

2. Vidu 

Vidu 1 . Trong mat phang toa do Oxy cho ba diem y4(-l ; -1), 5(3 ; 1), C(2 ; 3). 
Tim toa d6 diem D sao cho tii giac ABCD la hinh binh hanh. 

gidi 

Xem diem D(x; y) la anh cua diem C qua phep tinh tien theo vecto BA = (-4 ; -2). 
Tir do suy rajc = 2- 4 = -2;y = 3- 2= l. 

T7 du 2. Trong mat phang cho hai dudng thang d va cat nhau va hai diem 
A, B khOng thuoc hai dudng thang do sao cho dudng thang AB khdng song 
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song hoac trung vdi d (hay dy ). Hay tim < 
tu giac ABMM' la hinh binh hanh. 

. Qidi 

Xem diem M' la anh cua dilm M qua 

phep tinh tien theo vecto BA (h.1.3). 
Khi do diein M' vira thuoc dy vira thuoc 
d' la anh cua d qua phep tinh tien theo 
vecto BA . Tir do suy ra each dung : 

- Dung d' la anh cua d qua phep tjnh 
tien theo vecto BA . 

- Dung M' - d\ n d'. 

- Dung diem M la anh cua di^m M' qua f 

Di thSiy tur giac ABMM’ chrnh la hinh 
dau bai. 


iem M tren d va diem M’ tren dy de 



tiep tinh tien theo vecto AS. 
binh hanh thoa man yeu cau cua 



Van <Je } 


Dung phep tinh tien de giai mot so bai toan tim tap hop diem 


1. Phuffng phap giai 


Chung minh tap hop diem phai tim la anh cua mOt hinh da bi£t qua m6t phep 
tinh tien. 


2. Vi du 

Vi du. Cho hai diem phan biet B va C co dinh 
tren dudng tron (O) tarn O, diem A di dong 
tren dudng tron ( O ). Chung minh rang khi A di 
dong tren dudng tron (O) thi true tarn cua tarn 
giac ABC di ddng tren mdt dudng trap. 

gidi 

Goi H la true tarn cua tarn giac ABC va M la 
trung diem cua BC. Tia BO cat dudng tron 
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ngoai tiep tam giac ABC tai D. Vi BCD = 90°, nen DC I I AH (h. 1.4). Tirong tu 
AD li CH . Do do tur giac ADCH la hlnh blnh hanh. Tir do suy ra 

AH = DC = 20M. Ta th&y r^ng OM khong d6i, nen co the xem H la anh 

cua A qua phep tinh tien theo vecta 2 OM . Do do khi diem A di dpng tren 
dircmg tron (0) thi H di dong tren dircmg tron (O') la anh cua (O) qua phep 

tinh tien theo vecta 20M. 

C. CAU HOI VA BAI TAP 

■ 

1.1. Trong mat phang toa d6 Oxy cho v = (2 ; -1), di6m M = (3 ; 2). Tim toa d6 
cua cac di^m A sao cho : 

a) A = Tj(M) ; 

b) M = Tj(A). 

1.2. Trong mat phSng Oxy cho v = (-2 ; 1), dircmg thang d co phiromg trinh 
lx - 3y + 3 = 0, dircmg thang d\ co phiromg trinh 2x - 3y - 5 = 0. 

a) Viet phiromg trinh cua dircmg thang d' la anh cua d qua I j;. 

b) Tim toa do cua w co gia vuong goc voi dircmg thang d de d\ la anh cua d 
qua T $. 

1.3. Trong mat phang Oxy cho dircmg thang d co phiromg trinh 3x - y - 9 = 0. 
Tim phep tinh tien theo vecta co phiromg song song vai true Ox bien d thanh 
dircmg thang d' di qua gdc toa d6 va viet phuomg trinh duomg thang d'. 

1.4. Trong mat phang Oxy cho duomg tron (C) co phuomg trinh 

x + y - 2x + 4y - 4 = 0. Tim anh cua (C) qua phep tinh tien theo vecta 
v=(-2;5). 

1.5. Cho doan thang AB va duomg tron (C) tam O, ban ldnh r nam ve m6t phfa 
cua duomg thang AB. L^y diem M tren (C), r6i dimg hinh binh hanh ABMM'. 
Tim tap hap cac diem M' khi M di d6ng tr6n (C). 
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§3. PHEP DOI XUNG TRUC 
A. CAC KIEN THlfC CAN NH6 


I. DINH NGHIA 


Cho duong thang d. Phep bi&n hinh bien m6i diem M thuoc d thanh chinh no, 
bien m6i diem M khong thuoc d thanh diem M' sao cho d la duong trung true 
cua doan thing MM ' duac goi la phep doi xting qua dudng thang d hay phep 
doi xftng true d (h.1.5). 


Phep doi xufng qua true d thuong duqc 
ki hieu la D d . Nhu vay M' - D d (M) 

<=> M 0 M' = -M 0 M , vdi M 0 la hinh 
chieu vuong goc cua M tren d. 

Duong thang d duoc goi la true doi 
xieng cua hinh 3# neu D d bien 3# 

thanh chinh no. Khi do $(/ duqc goi la 

hinh co true doi xieng. 


M 



d 


M’ 


Hinh 1.5 


II. BIEU THtTC TOA DO 

Trong mat phang toa d6 Oxy, vdi m6i diem M = {x\ y), goi M' = D d (M) = (x '; y’). 
Neu chon d la true Ox, thi 


Neu chon d la true Oy, thi 


x = x 

y=-y. 

x=-x 


y =y- 


III. TINH CHAT 


Phep doi xumg true 

1) Bao toan khoang each gida hai di^m b^t ki; 

2) Bien m6t dudng thang thanh dudng thang ; 

3) Bidn mdt doan thang thanh doan thang bang doan thang da cho ; 

4) Bien mdt tarn giac thanh tarn giac bang tam giac da cho ; 

5) Bien mdt dudng tron thanh dudng tron co ciing bdn kinh. 



B. DANG TOAN CO BAN 


Van cIe 1 


Aac djnh anh cua mot hinh qua mot phep doi xUng true 

1. Phuang phap giai 

De xac dinh anh cua hinh & qua phep doi xumg qua duemg thing d ta co 
the dung cac phuang phap sau : 

- Dung dinh nghTa cua phep doi xung true ; 

- Dung bi£u thde vecta cua phep doi xumg true ; 

- Dung bi£u thufc toa do cua phep doi xumg qua cac true toa do. 

2. Vidu 

'Pi' dii 1. Cho td giac ABCD. Hai dudng thing 
AC va BD cit nhau tai E. Xac dinh anh cua 
tarn giac ABE qua phep doi xumg qua duemg 
thang CD. 

Qiai 

Chi c5n xac dinh anh cua cac dinh cua tam 
giac A, B, E qua phep doi xumg do. Anh phai 
tim la tam giac A'BE'. 

Vx du 2. Trong mat phing Oxy, cho diem M( 1; 5), duang thing d co phuang 
trinh x - 2y + 4 = 0 va duemg tron (C) co phuang tnnh : 

x 2 + y 2 - 2x + 4y - 4 = 0. 

a) Tim anh cua M, d va (C) qua phep dd'i xumg qua true Ox. 

b) Tim anh cua M qua phep doi xumg qua duemg thang d. 

Qiai 

a) Goi M', d' va (C r ) theo thd tu la anh cua M, d va (C) qua phep doi xumg true Ox. 
Khi do A/'= (1 ; -5). 

De tim d’ ta suf dung bieu thirc toa do cua phep d6'i xumg true Ox : Goi diem 
N\x '; >0 la anh cua diem N(x ; y) qua phep ddi xumg true Ox. 
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Khi do 


fx' = x fx = x'. 

Ta co Ne d <=> x-2y + 4 = 0<=> x -2(-y)+A = 0 <=> x' + 2y + A = 0 

■ ^ N' thuoc ducmg thang d’ co phuorng trinh x + 2y + 4 = 0. 

Vay anh cua d la ducmg thang d' co phuorng trinh x + 2y + 4 = 0. 

De tim (CO, truoc het ta de y rang (C) la ducmg tron tarn J = (1 ; -2), ban klnh 
R = 3. Goi J' la anh cua J qua phep d6'i xtrng true Ox. Khi do J' = (1 ; 2). Do do 
(CO la ducmg tron tarn J' ban kmh bang 3. Tir do suy ra (CO co phuorng trinh 

(x - l) 2 + (y - 2) 2 = 9. 

b) Ducmg thang d x qua M vubng goc voi d co phuorng trinh 

— = ^^<=>2.x + y-7 = 0 (h.1.7). 

1-2 

Giao cua d va d\ la dilm M 0 co toa do thoa man he phuemg trinh 

x-2y+4=0 fx = 2 
2x+y-7 = 0 [y = 3. 

Vay Mq = (2 ; 3). Tir do suy ra anh cua M qua phep ddi xtrng qua ducmg 
thang d la M" sao cho M 0 la trung diem cua MM", do do M" = (3 ; 1). 



Hinh 1.7 
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Van fe 2 

Tim true doi xung cua mot da giac 

1. Phuang phap gidi 

Sir dung tinh chat: Nd'u mot da giac co true dd'i xung d thi qua phep doi xumg 
true d m6i dinh cua no phai bien thanh mot dinh cua da giac, m6i canh cua no 
phai bien thanh mdt canh cua da giac bang canh ay. 


2. Vidu 

Vidu. Tim cac true dd'i xung cua mbt hinh chu nhat. 

gidi 

Cho hinh chu nhat ABCD, AB > BC. Goi F la phep doi xung qua true d bien 
ABCD thanh chinh no. Khi do canh AB chi co the bien thanh chinh no hoac 
bien thanh canh CD. 

Neu AB bid'n thanh chinh no thi chi co th£ xay ra F(A) = B (vi n6'u F(A) - A thi 
F(B) - B suy ra d triing vdi duong thang AB, dilu nay vo li). Khi do d la duong 
trung true cua AB. 

Neu AB bien thanh CD, thi khong the xay ra F(A) = C, F(B) - D. Vi neu the 
thi AC II BD (ciing vubng goc vdi d) dieu do vo li. Vay chi co the F(A) = D, 
F(B) = C. Khi do d la duong trung true cua AD. 

Vay hinh chi? nhat ABCD co hai true ddi xung la cac duong trung true cua AB 
va AD. 


Van 7 


' Dung phep doi xting true de giai mot so bai toan dung hinh 


1. Phuang phap gidi 

De dung m6t diem M ta tim each xac dinh no nhu la anh cua mot die’m da bi6't 
qua mot phep doi xung true, hoac xem diem M nhu la giao cua mot dudng c 6 
dinh vdi anh cua mot dudng da biet qua mdt phep dd'i xumg true. 

2. Vidu 

Vidu. Cho hai dudng tron (C), ( C') co ban kinh khac nhau va dudng thang d. 
Hay dung hinh vuong ABCD co hai dinh A, C l£n luqt nam tren (C), (C') con 
hai dinh kia nam tren d. 
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Phan tick 


gidi 


Gia sir hinh vudng da dung diroc. Ta 
tha'y hai dinh B va D cua hinh vuong 
ABCD luon thuoc d nen hinh vuong 
• hoan toan xac dinH khi biet dinh C. 

Xem C la anh cua A qua phep d<5i xung 
qua true d. Vi A thude duong tron (C) 
nen C thude dudng tron (Cj) la anh cua 

(C) qua phep doi xung qua true d. Mat 
khac C luon thuoc dudng tron ( C '). V$y 
C phai la giao cua dudng tron (Cj) vdi 
dudng tron (C'). 

Tir do suy ra each dung. 

Cach dung 

a) Dung dudng tron (Cj) D anh cua (C) qua phep dd'i xung qua true d. 

b) Tir C thude (Ci) n(C') dung diem A doi xung vdi C qua d. Goi I la giao 
cua AC vdi d. 

c) L&y tren d hai diem B va D sao cho I la trung diem cua BD va IB = ID = I A. 
Khi do hinh vudng ABCD la hinh c5n dimg. 

Chveng minh 

Di tha'y ABCD la hinh vudng co B va D thude d, C thude (C'). Ta chi eSn 
chung minh A thude (C). That vay vi A doi xung vdi C qua d, ma C thude (C') 
nen A phai thude (C) la anh cua (O qua phep doi xung qua true d. 

Bien luan 

* 

Bai toan co mot, hai, hay vd nghiem tuy theo s 6 giao diem cua (Cj) vdi (C r ). 

Van de 4 

Dung phep doi xung true de giai mot so bai toan tim tap hop diem 

1. Phu&ng phap giai 

Chdrtg minh tap hop di&n phai tim la anh cua mot hinh da bid't qua mot phep 
ddi xirng true. 




(C*) 
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2.Vidu 

Vi'du. Cho hai diem phan biet B va C c6' dinh tren ducmg tron ( O ) tam O, diem 
A di d6ng tren dircmg tron ( O ). Chumg minh rang khi A di dong tren dirbmg 
tron ( O) thi true tam cua tam giac ABC di d6ng tren m6t dircmg tron. 

gidi 

Goi I, H' theo thti tu la giao cua tia AH vcri 
BC va ducmg tron ( O ). Ta co 

BAH = HCB (tirong ung vuong goc) 

BAH = BCH' (ciing chan mot cung). 

Vay tam giac CHH' can tai C, suy ra H va 
H' doi xung vbi nhau qua duong thang BC. 

Khi A chay tren ducmg tron ( O ) thi H' cung 
chay tren ducmg tron ( O ). Do do H phai 
chay tren duhmg tron (O') la anh cua ( O ) 
qua phep d6'i xung qua duhmg thang BC. 

Hinh 1.9 

C. CAU HOI VA BAI TAP 

■ 

1.6. Trong mat phang toa d6 Oxy, cho diem M( 3 ; -5), duhmg thang d co phuong trinh 
3x + 2y - 6 = 0 va ducmg tron (C) co phucmg trinh : x 2 +y 2 - 2x + 4y - 4 - 0. 
Tim anh cua M, d va (C) qua phep dh'i xurng qua true Ox. 

1.7. Trong mat phang Oxy cho duhmg thang d co phuong trinh x - 5y + 7 = 0 va 
duhmg thang d’ co phuong trinh 5x - y - 13 = 0. Tim phep d6'i xung true bihn 
d thanh d’. 

1.8. Tim cac true doi xung cua hinh vuong. 

1.9. Cho hai duhmg thang c, d cat nhau va hai diem A, B khong thuhe hai ducmg 
thang do. Hay dung diem C tren c, diem D tren d sao cho tir giac ABCD la 
hinh thang can nhan AB la mot canh day (khong can bien luan). 

1.10. Cho duhmg thang d va hai diem A, B khong thuoc d nhung nam cung phfa 
doi vdi d. Tim trhn d di^m M sao cho tong cac khoang each tir do den A 
va B la be nha't. 
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§4. PHEP DOI XlTNG TAM 

A. CAC KIEN THITC CAN NH6 

I. DINH NGHIA 

Cho diem /. Phep bien hinh bien diem / thanh chinh no, bien mPi di6m M 
khac / thanh M' sao cho / la trung dieim cua doan thang MM' dupe goi la phep 
doi xting tam /. 

Phep doi xirng tam / thirfrng dirge ki hieu la Dj. 

Tu - dinh nghla ta suy ra : 

1 )M'= D/(M) <=* 7m' = -7m . 

Til do suy ra : 

• Neu M = I thi M' = I. 

• Neu M ^ I thi M’ = D/(M) <=> / la trung diem cua MM’. 

2) Dig’m / diroc goi la tam doi xCtng cua hinh neu phep doi xumg tam / bien 
hinh thanh chinh no. Khi do dupe goi la hinh co tam doi xting. 

II. BIEU THVC TOA DO 

Trong mat phang toa dp Oxy, cho I = {x 0 ; goi M = (x \ y) va M' = {x '; y') 
la anh cua M qua phep doi xumg tam I. Khi do 

x = 2xq - x 

> 

y' = 2y 0 -y. 

III. CAC TINH CHAT 
Phep doi xirng tam 

1) Bao toan khoang each giua hai di^m bat ki; 

2) Bien mpt duPng thang thanh ducrng thang song song hoac trung vpi duPng 
thang da cho; 

«• 

3) Bien mpt doan thang thanh doan thang bang doan thang da cho ; 

4) BiPn mpt tam giac thanh tam giac bang tam giac da cho ; 

5) Bien mpt duPng tron thanh duPng tron co ciing ban kinh. 



2.BT.HINHHOC11 (C)-A 
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B. DANG TOAN CO BAN 



Van <Je 1 


Xac dinh anh cua mot hinh qua mot phep doi xting lam 


1. Phuovig phap giai 

Dung dinh nghla, bieu thdc toa do hoac tinh chat cua phep ddi xumg tarn. 


2. Vidu 

Vi dk Trong mat phlng toa do Oxy cho didm 1(2 ; -3) va dudng thing d co 
phirong trinh 3x + 2y - 1 = 0. Tim toa do cua diem /' va phuofng trinh cua dudng 
thing d' lan luot la anh cua / va dudng thing d qua phep doi xung tarn O. 

giai 

/'=(-2; 3). 

De tim d' ta co the lam theo cac each sau : 

Cach 1. Td bieu thde toa do cua phep doi xumg qua goc toa do ta co 

■ 

[y = -y- 

Thay bidu thde cua x va y vao phuomg trinh cua d ta dupe 

3(-a0 + 2(-y r ) - 1=0, hay 3x' + 2y’ + 1 = 0. Do do phuomg trinh cua d' la 

3. v + 2y + 1 = 0. 

Cach 2. Vi d' song song hoac trung vdi d nen phuomg trinh cua d' co dang 

3x + 2y + C = 0. Lay didm M( 0 ; —) thuoc d, thi anh cua no la M' - (0 ; ). 

2 2 


Vi M ' thuoc d’ nen -2 • — + C = 0. Td do suy ra C = 1. 

2 


Cach 3. Ta cung co the lay hai diem M, N thude d. Tim anh AT, N’ tuong dng 
cua chung. Khi do cl' chinh la dudng thing M'N'. 



Van <Je 2 


Tim lam doi xtfng cua mol hinh 
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2.BT.HINHH0C11(C)-B 



1. Phuong phap giai 

Neu hinh da cho la mot da giac thl sir dung tfnh chat : Mot da giac co tam doi 
xung / thi qua phep db'i xung tarn / m6i dinh cua no phai bien thanh mot dinh 
cua da giac, m6i canh cua no phai bien thanh mot canh cua da giac song song 
va bang canh ay. 

Neu hinh da cho khong phai la mot da giac thi sir dung d|nh nghla. 


2. Vi du 

Vidu 1. Chung minh rang trong phep doi xung tam I neu diem M bien thanh 
chinh no thi M phai trung voi /. 

giai 

Ta co Tm = -Tm =$ im = = 0=i> M = I. 


du 2. Chung minh rang neu mot tu" giac co tdm doi xung thl no phai la hinh 
blnh hanh. 


giai 


Gia sir tu* giac ABCD co tam doi xung la I. 
Qua phep doi xung tam /, tu giac ABCD 
bien thanh chfnh no nen dinh A chi co the 
bien thanh A , C hay D. 

- Neu dinh A bien thanh chfnh no thi theo 
vf du tren A trung /. Khi do tu giac co hai 
dinh doi xung qua dinh A . Dilu do vo If. 


A />• 



Hinh 1.11 


- Neu A bien thanh B hoac D thi tam doi xung thuoc cac canh AB hoac AD 
cua tu giac nen cung suy ra di£u vo If. 

Vay A chi co the bien thanh dinh C. 

Lf luan tuong tu dinh B chi co the bien thanh dinh D. Khi do tam doi xung / 
la trung diem cua hai duang cheo AC va BD nen tu* giac ABCD phai la hinh 
binh hanh. 



Van <Je f 


' / A ^9 

Dung phep doi xifng Lam de 


Ol'M 




L i • 






1. Phuong phap giai 

Sir dung tfnh chat cua phep doi xung tam. 
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De dung mot diem M ta tim each xac dinh no nhu la anh cua mot diem da biet 
qua mot phep doi xung tarn, hoac xem diem M nhu la giao cua mot dudng co - 
dinh vdi anh cua mot duong da biSt qua mot phep doi xung tarn. 

2. Vidu 

Vidu. Cho goc nhon xOy va mot diem A thuoc midn trong cua goc do. 

a) Hay tim mot dudng thing di qua A va cat Ox, Oy theo thir tir tai hai didm M, 

N sao cho A la trung diem cua MN. 

b) Chung minh ring neu mot dudng thing bat ki qua A cat Ox va Oy lin luot 
tai C va D thi ta luon co dien tich tarn giac OCD ldn hon hoac bing dien tich 
tarn giac OMN. 

gidi 

a) Gia su M, N da dung duqc 
(h.1.12). Goi O' la anh cua O qua 
phep doi xung qua tarn A. Khi d6 
tir giac OMO'N la hinh binh hanh. 

Tir do suy ra each dung : 

- Dung O' la anh cua O qua phep 
doi xung qua tarn A. 

■ - Dimg hinh binh hanh OMO'N 
sao cho M, N lan luot thuoc Ox, 

Oy. Dd tha'y duong thing MN di 
qua A va AM = AN. Do do ducng 
thing MN la dudng thing can tim. 

b) Gia sir dudng thing d bat ki di qua A cit O'M, Ox, Oy lan luot tai B, C, D 
(C thuoc tia Mx). Po phep doi xung qua tarn A bien dudng thing O'M thanh 
dudng thing Oy, nen no bien B thanh D. Tir do suy ra AABM = AADN. 

Do do dien tich A OMN = dien tich tir giac OMBD < dien tich A OCD. 

C. CAU HOI VA BAI TAP 

1.11. Cho tu giac ABCE. Dimg anh cua tarn giac ABC qua phep doi xung tarn E. 

1.12. Trong mat phing Oxy, cho hai diem /(I ; 2), M(- 2 ; 3), dudng thing d co 
phuong trinh 3.v - y + 9 = 0 va dudng tron (C) co phuong trinh : 

,\ - + y 2 + 2x - 6y + 6 = 0. 
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Hay xac dinh toa do cua diem M\ phuong trinh cua duong thing d' va duong 
tron (CO theo thu tir la anh cua M, d va (C) qua 

a) Phep doi xumg qua goc toa do ; 

b) Phep doi xumg qua tarn /. 

1.13. Trong mat phang Oxy, cho duong thing d co phuong trinh : x - 2y + 2 = 0 va 
d ' co phuong trinh : x - 2y - 8 = 0. Tim phep doi xhng tarn bien d thanh d' 
va bien true 0.x thanh chrnh no. 

1.14. Cho ba diem khong thing hang l, J, K . Hay dtmg tarn giac ABC nhan I, J, K 
lan luot la trung diem cua cac canh BC, AB, AC. 


§5. PHEP QUAY 

A. CAC KIEN THLTC CAN NHd 


I. DINH NGHIA 

Cho diem O va goc luong giac a. Phep bien 
hinh bien O thanh chfnh no, bien m6i di6m M 
khac O thanh diem M' sao cho OM' = OM va 
goc lupng giac (OM ; OM') bang adugc goi la 
phep quay tam O goc a (h. 1.13). 

Diem O duoc goi la tam quay , a dupe goi la 
goc quay. 

Phep quay tam O goc a thubng dupe kf hieu la 
Q(0,a)- 

Nhan xet 

-Phep quay tam O goc quay a = (2k + \)n vdi k nguyen, chfnh la phep doi 
xumg tam O. 

- Phep quay tam O goc quay a = 2 kn vdi k nguyen, chfnh la phep dong nha't. 


M’ 
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II. TINH CHAT 


Phep quay 

1) Bao toan khoang each gitfa hai diem bat ki ; 

2) Bien mot dirong thing thanh dirong thing ; 

3) Bien mot doan thing thanh doan thing blng doan thing da cho ; 

4) Bien mot tarn giac thanh tarn giac blng tarn giac da cho ; 

5) Bien mot dirfrng tron thanh dirong tron co cung ban kinh. 

C3P Chu y. Gia sir phep quay tarn / goc a bien 
dirong thing d thanh dirong thing d’ (h. 1.14). 

Khi do 

n 

- Neu 0 < a < — thl goc giira d vl d* bang a ; 

, n 

- Neu — < a < n thl goc giiJa d va d ' bang n - a. Hinh 

B. DANG TOAN CO BAN 

Van di 1 

Aac cljnh aah ciia mol hinh qua mol phep quay 




1. Phumg phap giai 

Dung dinh nghla cua phep quay. 


2. Vi du 

Vi du 1. Cho hinh vuong ABCD tarn O 
(h. 1.15). M la trung diem ciia AB, N la trung 
diem cua OA. Tim anh cua tarn giac AMN 

qua phep quay tarn O goc 90° . 

gidi 

Phep quay tarn O goc 90° bien A thanh D, 
bien M thanh M' la trung dielm cua AD , bien 
N thanh AT la trung diem ciia OD. Do do no 
bien tarn giac AMN thanh tarn giac DM’N'. 



D c 


Hinh 1.15 



'Urdu 2. Trong mat phing toa do Oxy 
cho diem A( 3 ; 4). Hay tim toa d6 
diem A' la anh cua A qua phep quay 

tarn O goc 90° . 

gidi 

Goi cac diem B{ 3 ; 0), C(0 ; 4) lin luqt 
la hinh chieu vuong goc cua A len cac 
true Ox, Oy (h.l .16). Phep quay tarn O 

goc 90° bien hlnh chit nhat OBAC 
thanh hinh chit nhat OB’A’C. D6 thay 
B' = (0 ; 3), C' = (— 4 ; 0). TCr do suy 
ra A’ = {- 4; 3). 



i 





c 

A 


B' 

/ 


C 

O B 


Hinh 1.16 



Van cIe 2 


(Suf dung phep quay de giai mot so bai toan hinh hoc 


1. Phuffng phap giai 


Chon tarn quay va goc quay thlch hop roi sir dung tlnh chat cua phep quay. 
Luo y den chu y noi a muc A.II. 


2. Vidu 

Vidu. Cho ba diem thing hang A, B, C, diem B nim giura hai difim A va C. Dung 
vg mot phla cua dircrng thing AC cac tarn giac d6u ABE va BCF. 

a) Chung minh ring AF = EC va goc giua hai dircrng thing AF va EC bing 60° . 

b) Goi M vi N lan luqt la trung diem cua AF va EC, chung mirth tarn giac BMN d6u. 

giai 

a) Goi Q^ b 6q0) la phep quay tarn B 

goc quay 60°. bien cac diem 

E, C lan luqt thanh cac diem A, F nen 
no bien doan thing EC thanh doan 
thing AF. Do do AF - EC va goc giua 

hai duemg thing AF va EC bing 60° 

(h.l.17). 


F. 



Hinh 1.17 
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T ^ 


b) Q {B 6o0) cung bien trung diem N cua EC thanh trung diem M cua AF nen 
BN = BM va (BN , BM ) = 60°, do do tarn giac BMN ddu. 


Van Je 1 

Dung phep quay de giai mot so bai toan dung hirih 

1. Phitffng phap giai 

De dung mot didm M ta tim each xac dinh no nhir la anh cua mot didm da bibt 
qua mot phep quay, hoac xem M nhir la giao cua mot ducmg co dinh vdi anh 
cua mot ducmg da biet qua mot phep quay. 

2 . Vi du 

du. Cho hai ducmg thang a, b va dibm C khong 
nam tren chung. Hay tim tren a va b lan luqt hai 
dibm A va sao cho tarn gidc ABC la tarn gidc deu. 

Cjiai 

Neu xem B la anh cua A qua phep quay tarn C 

goc quay 60° thi B se la giao cua duong thang b 
vdi ducmg thang a' la anh cua a qua phep quay noi 
tren (h, 1.18). 

So nghiem cua bai toan tuy thuoc vao so giao 
dibm cua ducmg thang b vdi ducmg thang a'. 

C. CAU HOI VA BAI TAP 

1 . 15 . Cho luc giac ddu ABCDEF, O la tarn dd'i xdng cua no, / la trung didm cua AB. 

a) Tim anh cua tarn giac AIF qua phep quay tarn O goc 120°. 

b) Tim anh cua tarn giac AOF qua phep quay tarn E goc 60°. 

1 . 16 . Trong mat phang Oxy cho cac diem A(S ; 3), B( 0 ; 5), C(1 ; 1) va ducmg 
thang d co phuong trinh 5x - 3y + 15 = 0. Hay xac dinh toa do cdc dinh cua 
tarn gidc A'B'C' va phuong trinh cua ducmg thang d' theo thu tu la anh cua 

tarn gidc ABC va ducmg thang d qua phep quay tarn O, goc quay 90°. . 
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1 . 17 . Cho nira duemg tron tarn O dirang kfnh BC. Diem A chay tren nira duemg 
tron do. Dung v6 phfa ngoai cua tarn giac ABC hinh vuong ABEF. Chumg 

minh ding E chay tren mot nira duemg tron co dinh. 

< 

1 . 18 . Cho tarn giac ABC. Dimg ve phia ngoai cua tarn giac cac hinh vuong BCIJ, 
ACMN, ABEF va goi O, P, Q lan lircrt la tarn doi ximg cua chung. 

a) Goi D la trung di^m ciia AB. Chung minh rang OOP la tarn giac vuong 
can dinh D. 

b) Chung minh AO vuong goc vdri PQ va AO - PQ. 


§6. khAi niem ve phep d6i hinh 

VA HAI HINH BANG NHAU 

A. CAC KIEN THLTC CAN NHd 


I. DINH NGHIA 

Phep d&i hinh la phep bien hinh bao toan khoang each giua hai diem bat ki. 

Nhan x4t 

• Cac phep tinh tid'n, doi xung true, doi xiing tarn va quay deu la nhung phep 
dcri hinh. 

• Neu thurc hien lien tiep hai phep dcri hinh thi dupe mot phep dcri hinh. 

II. TINH CHAT 

Phep ddi hinh 

a) Bien ba diem thang hang thanh ba diem thang hang va bao toan thur tur giua 
cac diem a'y ; 

b) Bien mot duemg thang thanh duemg thang, bien tia thanh tia, bien doan 
thang thanh doan thang bang no ; 

c) Bien mot tarn giac thanh tarn giac bang tarn giac da cho, bien mot goc thanh 
goc bang goc da cho ; 

d) Bien mot duemg tron thanh dudmg tron co ciing ban kinh. 
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III. HAI HINH BANG NHAU 

Dinh nghia ; Hai hinh dupe goi la bang nhau neu co mot phep ddi hlnh bien 
hinh nay thanh hinh kia. 



Van <Je 1 


B. DANG TOAN CO BAN 


Xac dinh anh cua mot hinh qua mot phep ddi hinh 


1. Phuong phap giai 


Dung djnh nghia va tinh chat cua phep ddi hinh. 


2.Vidu 

Vidu. Trong mat pharig Oxy cho dudng thang d co phurong trinh 3x - y - 3 = 0. 
Viet phuong trinh ciia dudng thang d' la anh cua dudng thang d qua phep dcfi 
hinh co dupe bang each thuc hien lien tiep phep ddi xirng tarn /(I ; 2) va phep tinh 
tien theo vecto v = (-2 ; 1). 

Cjiai 

Goi phep ddi hinh efin tim la F. Goi d\ la anh ciia d qua phdp ddi xurng tarn /(1 ; 2), 
d' la anh cua d\ qua phep tinh tien theo vecto v = (-2 ; 1). Khi do d' = F(d). Vi 
d\ song song hoac triing vdi d, d’ song song hoac triing vdi d\ nen d' song song 
hoac triing vdi d. Tir do phuong trinh ciia d' co dang : 3.v - y + C = 0. 

Bay gid ta lay diem M{ 1 ; 0) thuoc d. Phep ddi xurng tarn /(I ; 2) bien 
M thanh M| (1 ; 4). Phep tinh tien theo vecto r = (-2 ; 1) bien thanh 

M' = (1 - 2 ; 4 + 1) = (-1 ; 5). Khi do M' = F{M). Do do M' thuoc d'. Thay toa 
dd cua M' vao phuong trinh cua d' ta dupe 3. (-1) - 1. 5 + C = 0. Tir do suy ra 
C = 8. Vay phuong trinh cua d' la 3.v - y + 8 = 0. 



Van <Je 2 


Cac bai toan ve moi lien quan giQa mot so phep ddi hinh quen biet 

1. Phumg phap giai 

Sir dung dinh nghia ciia cac phep ddi hinh co lidn quan. 
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2. Vida 


Vi dk Chung mirth rang phep tinh tien theo vecta r ^ 0 la ket qua cua viec 
thuc hien lien tiep hai phep doi xung qua hai true song song vdi nhau. 

gidi 


La'y duong thang d nhan r lam 
vecto phap tuyen. Gqi d’ la anh cua d 

qua phep tinh tien theo vecto ^-v • 

La'y diem M tuy y. Gqi M[ = 

M' = ). Khi do ta co 

MA? = MMj’ + MjM' = 7AM \ + 7M\l' 

= 2U' = v. 

Vay 7> (M) = M’. 



Hinh 1.19 



Van de 5 


Chu'ng minh hai hinh bang nhau 


1. Phuong phap gidi 


Chung minh hai hinh do la anh cua 
nhau qua mot phep doi hinh. 

2. Vi da 

Vidu. Cho hinh chu nhat ABCD. Gqi 
O la tarn doi xufng cua no ; E. F. G, 

H , I, J theo thu tu la trung diem cua 
cac canh AB. BC. CD, DA, AH, OG. 
Chung minh rang hai hinh thang 
AIOE va GJFC bang nhau. 

gidi 



Ta co phep tinh tien theo AO bien A.l.O.E Ian luqt thanh O, J, C, F. Phep doi 
xung qua dirong trung true cua OG bien O, J, C. F lan loot thanh G, J, F, C. 
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Tir do suy ra phep doi hinh c6 duoc bang each thuc hien lien tiep hai phep 
bien hinh tren se bien hinh thang AIOE thanh hinh thang GJFC. Do do hai 
hinh thang ay bang nhau. 

C. CAU HOI VA BAI TAP 

1.19. Trong mat phlng Oxy, cho v(2;0) va diem M(\ ; 1). 

a) Tim toa do cua diem M' la anh cua diem M qua phep doi hinh co duoc 
blng each thuc hien lien tiep phep ddi xumg qua true Oy va phep tinh tien 
theo vecto v . 

b) Tim toa do cua di6m M" la anh cua di6m M qua phep ddi hinh co dirac 
b^ng each thirc hien lien tiep phep tinh tien theo vecto v va phep doi 
xung qua true Oy. 

1.20. Trong mat phang Oxy, cho vecto v = (3 ; 1) va dudng thing d co phuong 
trinh 2x - y = 0. Tim anh cua d qua phep ddi hinh co dupe blng each thuc 

, o , _ 

hien lien tiep phep quay tarn O goc 90 va phep tinh tien theo vecto v . 

1.21. Chumg minh rang m6i phep quay deu co the xem la ket qua cua viec thuc 
hien lien tiep hai phep doi xung true. 

1.22. Cho hinh vuong ABCD co tarn I. Tren tia BC lay diem E sao cho BE = AI. 

a) Xac dinh mot phep dcri hinh bien A thanh B va / thanh E. 

b) Dung anh cua hinh vuOng ABCD qua phep ddi hinh ay. 


§7. PHEP VI TO 


A. CAC KIEN THITC CAN NHCl 


I. DINH NGHIA 


Cho di6m I va mot so k * 0. Phep bien hinh bien m6i diem M thanh di6m M' 


sao cho IM' = k.IM duqc goi la phep vi tu tam /, ti so k. 


II. TINH CHAT 

1) Gia sir M\ N’ theo thu tu la anh cua M, N qua phep vi tu ti so k. Khi do 
a) M'N' = kMN ; b) M'N’ = \k\MN ; 
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2) Phdp vi tu ti so k 

a) Bien ba die’rn thing hang thanh ba diem thing hang va bao toan thd tu 
giua cac diem ay ; 

b) Bien mot dudng thing thanh dudng thing song song hoac triing vdi dudng 
thing da eho, bien tia thanh tia, bien doan thing thanh doan thing ; 

c) Bien mot tarn giac thanh tarn giac dong dang vdi tarn giac da cho, bien 
goc thanh goc blng no ; 

d) Bien mot dudng trdn co ban kmh R thanh dudng trdn co ban kfnh l£l/?. 


III. TAM VI TIr CUA HAI DUtfNG TRON 


Dinh li : Vdi hai dudng trdn bat ki luon co mot phep vi tu bien dudng trdn nay 
thanh dudng trdn kia. 

Tam cua phep vi tir noi tren duoc goi la tarn vi tu cua hai dudng trdn 
Cho hai dudng trdn (/ ; R) va (/'; R'). Co ba trudng hop xay ra : 


• Neu / triing vdi /' thi phep vi tu tarn / ti so — va phep vi tu tarn I ti so 

R 

bien dudng trdn (/ ; R) thanh dudng trdn (/ ; R') (h. 1.21). 


R^ 

R 


• Neu / khac I’ va R * R' thi phep vi tu tarn O ti so k - — va phep vi tu tarn 0 ] 

r' 

ti so' k t - -se bien dudng trdn (/ ; R) thanh dudng trdn (/'; R '). Ta goi O la 

R 

tam vi tu ngoai con O ] la tarn vi tu trong cua hai dudng trdn noi tren (h. 1.22). 




• Neu / khac /' va R = R' thi chi co phep vi tu tam Oy ti so k = - -1 bien 

dudng trdn (/ ; R) thanh dudng trdn (/' ; R') (h. 1.23). Do chinh la phep doi 
xung tam Oy. 
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Hinh 1.23 



Van cIe 1 


B. DANG TOAN CO BAN 


Xac dinh anh cua mot hinh qua mot phep vi tu 


1. Phumg phap giai 

Dung dinh nghTa va tfnh chat cua phep vi tu. 



2. Vidu 

Vidu. Trong mat phang Oxy cho during thang d co phucmg trinh 3x + 2_y - 6 = 0. 
Hay viet phircmg trinh cua dircmg thang d' la anh cua d qua phep vi tu tarn 0 
ti so k = -2. 

giai 

Do d' song song hoac tiding vcfi d nen phircmg trinh cua no co dang : 3x + 2y + 
+ C = 0. La'y M {0 ; 3) thuoc d. Goi M'{x‘ ; y') la anh cua M qua phep vi tu' 

tarn 0 , ti so k = -2. D6 y rang OM = ( 0;3), OM' = (x'; y') - -20M, ta co 

x' = 0, y' = -2.3 = - 6. Do M' thuoc d' n6n 2.(-6) + C = 0. Do do C = 12. 

Tir do suy ra phucmg trinh cua d’ la 3.v + 2y +12 = 0. 

Bai nay cung co the giai bang each sau : 

Lay hai diem M, N phan biet thuoc d, tim anh M', N' cua chung qua phep vi tu 
tarn O, ti so k = -2. Khi do d' chinh la during thang M'N'. 

Goi M\x '; y') la anh cua M qua phep vi tu tren. Khi do 

1 . , 1 , 

-v' = -2x, y' = -2y ^ .v = --x , y = --y . 
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Taco : Med<=$ 3a + 2v-6 = 0 <t=> - — a'- — y'-6 - 0 <t=> 3 / + 2y + 12 = 0 

" 2 2 

<=> M‘ thuoc dudng thang d' cd phucmg trinh 3x + 2y +12 =0. 

Vay anh cua d qua phep vi tu tren chinh la d‘. 

Van <Je 2 


Tim lam vi tif cua hai dudng Iron 


1. Phucmg phap giai 

Su dung each tim tam vi tu da neu a muc III. 

2. Vidu 

Vi'du 1. Cho hai dudng tron (O ; R) va {O' ; 3 R) 
nhu hinh 1.24. Tim cac phep vi tu bien ducmg 
tron ( O ; R) thanh ducmg tron {O '; 3 R). 

gidi 

Su dung each tim tam vi tu da neu a muc III 
ta dupe hai phep vi tu ^ va bien 

dudng tron {O ; R) thanh ducmg tron {O '; 3 R). 



Ti 'du 2. Trong mat phang Oxy cho hai diem A {2 ; 1) va B {8 ; 4). Tim toa dp 
tam vi tu cua hai ducmg tron {A ; 2) va {B ; 4). 


gidi 

Day la hai ducmg tron khong dPng tam va khac ban kinh, nen co hai phep vj tu 
ti so ±2 bien dudng tron {A ; 2) thanh dudng tron {B ; 4). Goi l{x ; y) la tam vi 

8-a- = ±2(2 - a-) 

[ 4-y = ±2(1 -y). 


tu. Khi do ta co IB = ±2IA <t=> 


Giai cac he phucmg trinh tren se tim dupe tam vj tu ngoai la /(-4 ; -2) va tam 
vi tu trong la /'(4 ; 2). 
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Van d£ 5 


©ft dung phep vi tu de giai Loan 


1. Phuffng phap giai 

De xac dinh mot diem M ta xem no nhu la anh cua mot diem da biet qua mot 
phep vi tu, hoac xem M nhu la giao cua mot ducmg co dinh v6i anh cua mot 
ducmg da biet qua mot phep vi tu. 


2. Vidu 


Vi du. Cho tarn giac ABC co hai goc B, C deu nhon. Dung hinh chu nhat 
DEFG co EF = 2DE v6i hai dinh D, E nlm tren BC va hai dinh F, G Dn lucft 
nam tren AC, AB. 


giai 

Gia su da dimg dupe hinh chu nhat 
DEFG thoa man dilu kien dau bai 
(h. 1.25). Khi do tit mot diem G' tuy y 
tren doan thing AB ta dung hinh chu 
nhat DE'FG' co E'F' = 2DE', hai dinh 
D', E' nlm tren BC. Ta co 

BG GD _ 2GF _ GF 
~BG i ~ ~G^D' ~ 2G'E' ~ G'E' 

Do do B, F, F thing hang. 



Hinh 1.25 


Tit do co the xem hinh chu nhat DEFG la anh cua hinh chu nhat D'E'F'G' theo 

BG 

phep vi tu tarn B ti so-; • Tu do ta co each dimg : 

BG 


- Lay diem G' tuy y tren canh AB ; 

- Dimg hinh chu nhat D'E’FG' co E'F' - 2D'E', hai dinh D', E' nlm tren BC ; 

- Ducmg thing BE' clt AC tai F. Ducmg thing qua F song song vdi BC clt AB 
tai G. Goi E, D lan lucft la hinh chieu vuong goc cua F, G len ducmg thing BC. 

Ta se chumg minh DEFG la hinh cln dtmg. 


That vay, vi 


GF // G'F', GD II G'D' nen 



BG 

BG' 


GD 

G'D' 


GD G D 

-=-= 2 . Do do hinh chu nhat DEFG la hinh cln dimg. 

GF GF' 


Tir do suy ra 


C. CAU HOI VA BAI TAP 

1.23. Trong mat phang toa do Oxy cho ductng thang d co phuong trinh 2x + y - 4 = 0. 

a) Hay viet phuong trinh cua ductng thang la anh cua d qua phep vi tu tarn 
O ti so k = 3. 

b) Hay viet phuong trinh cua ductng thang d- 2 la anh cua d qua phep vi tu tarn 
/(-l ; 2) ti sb k = - 2. 

1.24. Trong mat phang toa do Oxy cho ductng tron (C) co phuong trinh 

(x-3) 2 + (y+ l) 2 = 9. 

Hay viet phuong trinh cua dubng tron (C 1 ) la anh cua (C) qua phep vi tu tarn 
/(I ; 2 ) ti so k = -2. 

1.25. Cho ntra ductng tron ductng kinh AB. Hay dung hinh vuong co hai dinh nam 
tren nira ductng tron, hai dinh con lai nam tren ductng kinh AB cua ntra ductng 
tron do. 

1.26. Cho goc nhon xOy va diem C nam trong goc do. Tim tren Oy diem A sao cho 
khoang each tiiM den Ox bang AC. 

§8. PHEP DONG DANG 

A. CAC KIEN THlfC CAN NH6 

I. DINH NGHIA 

Phep bien hinh F dupe goi la phep dong dang ti so k {k > 0) neu vdi hai diem 
M, N bat ki va anh M', N’ tuctng umg cua chung ta lu6n co M'N' = k.MN. 

Nhan xet 

- Phep dcti hinh la phep dong dang ti so 1. 

- Phep vi tu ti so k la phep d6ng dang ti so IA:I. 

- Neu thuc hien lien tiep hai phep dong dang thi dupe mot phep dong dang. 

II. TINH CHAT 

Phep dong dang ti so k 

a) Bien ba diem thang hang thanh ba diem th^ng hang va bao toan thu* tu giua 
cac diem ay ; 


3.BT.HINHHOC11(C)-A 
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b) Bien mot during thing thanh during thing ; bien tia thanh tia ; bien doan 
thing thanh doan thing ; 

c) Bien mot tarn giac thanh tarn giac dong dang vdi tarn giac da cho ; bien goc 
thanh goc bing no ; 

d) Bien mot duong tron ban kinh R thanh duong tron ban kinh kR. 

III. HINH DONG DANG 

Hai hinh dupe goi la d6ng dang vdi nhau neu co mrit phep dong dang bien 
hinh nay thanh hinh kia. 


Van dc 1 


B. DANG TOAN CO BAN 

■ 


Xac dinh anh cua mot hinh qua mot phep dong dang 


1. Phitfftig phap giai 

Dung dinh nghia va tmh chat cua phep d6ng dang. 


2. Vi du 

Vi du. Trong mat phing Oxy cho dubng thing d co phuong tiinh x + y - 2 = 0. 
Viet phuong trinh ducmg thing d' la anh cua d qua phep d6ng dang co duoc 

bing each thuc hien lien tiep phep vi tu tam /(-l ; -1) ti so k = — va phep 

2 

quay tam O goc -45°. 

giai 

Goi d 1 la anh cua d qua phep vi tu tam /(—1 ; -1) ti so k - — . Vi d l song song 

2 

hoac trung vdi d nen phuong trinh cua no co dang : x + y + C = 0. 

Lay M( 1 ; 1) thuoc d, thi anh cua no qua phep vi tu noi tren la O thuoc d v 

Vay phuong trinh cua d l la : x + y = 0. Anh cua d ± qua phep quay tam O goc -45° 
la during thing Oy. Vay phuong trinh cua d' la x = 0. 
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3.BT.HINHHOC11 (C)-B 




Van <Te 2 



Tim phep dong dang bien hinh thanh hinh 


1. Phuang phap giai 

Tim each bidu thi phep ddng dang do nhir la kdt qua cua viec thuc hien lien 
tiep cac phep ddng dang quen biet. 


2. Vidu 

Vi dk Cho hai hinh chu nhat co ti so giua chieu rong va chieu dai bang —. 

2 

Chung minh rkig luon co mot phep ddng dang bien hinh nay thanh hinh kia. 



Gia sir ta co hai hinh chfl 

nhat ABCD, A'B'C'D' va 

BC B'C' 1 
— = —n = - (h-1 -26). 
AB AB 2 


Phep tinh tidn T—~, bidn 

/\j\ 

hinh chu" nhat ABCD 
thanh hinh chu nhat 


A'B 1 C 1 D 1 . 


Phep quay 0( A \ a) vdi 

a = (A'B lt A'B') bififn hinh 
chu nhat AB 1 C 1 D 1 thanh 
hinh chu nhat A'B 2 CJ) 2 - 


D' C' 



A'D 2 A'D 
Vi = 

A'B 2 AB 

V, k)V& i * = ■ 


A'D' 

A'D 2 


A'D 2 A% A'C 2 ^ ^ .. . 

nfin —-^- = —-^- = —Tu do suy ra phep vi tu 
AD A'B AC 

A'D' 

=- se bien hinh chu nhat A’B 0 C 0 D 0 thanh hinh chu 

AD -222 


nhat A’B’CD’. Vay phep ddng dang co duqc bang each thuc hien lien tiep cac 
phep bidn hinh T—,, a ) va V^' ^ se bien hinh chu nhat ABCD thanh 

hinh chu nhat A’B’CD'. 
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Van Je 7 

Dung phep dong dang de giai toan 

1. Phurng phap giai 
Dung cac tfnh chat cua phep dong dang. 

2. Vidu 

‘Vidu. Cho hai during thang ova b cat nhau va diem C (h.1.27). Tim trdn a va 6 
cac diem A va tuong ring sao cho tarn giac ABC vuong can a A. 

giai 

Ta tha'y g6c lupng giac (CA ; CB ) = -45° 

va QL - V2. Do do co thd: xem B la anh 
CA 

cua A qua phep dong dang F co dupe bang 
each thuc hien lien tiep phep quay tarn C, 

goc - 45° va phep vi tu tarn C, ti so V 2 . 

Vi A El a ndn Be a" = F(a), B lai thuoc b. 

Do do B la giao cua a" vrii b. 

C. CAU HOI VA BAI TAP 

■ 

1.27. Trong mat phang Oxy cho during thang d co phuemg trinh x = 2\fl . Hay viet 
phirong trinh duemg thang d'- la anh cua d qua phep dong dang co duqc bang 

each thuc hien lien tiep phep vi tu tam O ti so k = — va phep quay tarn O 
goc 45°. 

2 2 

1.28. Trong mat phang Oxy cho duemg trim (Q co phuomg trinh (x - 1) + (y - 2) -4. 
Hay vie't phuomg trinh during trrin (O') la anh cua (C) qua phep dring dang co 
duqc bang each thuc hien lien tiep phep vi tu tam O ti so k = -2 va phep doi 
xurng qua true Ox. 

1.29. Chtrng minh rang hai da giac deu co cung sri canh luon dring dang vrii nhau. 



Hinh 1.27 
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1.30. Cho hinh thang ABCD c 6 AB song song vbi CD, AD - a, DC - b con hai 
dinh A, B co dinh. Goi / la giao diem cua hai dubng cheo. 

a) Tim tap hop cac di^m C khi D thay doi. 

b) Tim tap hop cac di&n / khi C va D thay ddi nhu trong cau a). 


CAU HOI vA bAi TAP ON TAP CHl/ONG I 

1.31. Trong mat phang Oxy cho dubng thang d co phuong trinh 3x - 5y + 3 = 0 va 
vecto v (2 ; 3). Hay viet phuong trinh dubng thang d' la anh cua d qua phep 
tinh tien theo vecto v . 

1.32. Cho hinh binh hanh ABCD co AB c 6 dinh, dubng cheo AC co do dai bang m 
khong d6i. Chung minh rang khi C thay doi, tap hop cac diem D thubc mot 
dubng tron xac dinh. 

1.33. Cho tarn giac A8C. Tim mbt diem M trfin canh AB va mot diem N tren canh 
AC sao cho MN song song vbi BC va AM = CN. 

1.34. Trong mat phang Oxy cho dubng thang d co phuong trinh 3x - 2y - 6 = 0. 

a) Viet phuong trinh cua dubng thang d^ la anh cua d qua phep doi xung 
qua true Oy. 

b) Viet phuong trinh cua dubng thang d 2 la anh cua d qua phep doi xumg 
qua dubng thang A co phuong trinh x + y - 2-0. 

1.35. Cho dubng tron (C) va hai diem c 6 dinh phan biet A, B thubc (C). Mot diem 
M chay tren dubng tron (tru hai di6m A, B). Hay xac dinh hinh binh hanh 
AMBN. Chung minh rang tap hop cac diem N cung nam tren mbt dubng tron 
xac dinh. 

1.36. Cho hai dubng tron cung co tarn O, ban kfnh ldn luqt la R va r, ( R > r ). A la 
mot diem thubc dubng tron ban kfnh r. Hay dung dubng thang qua A cat dubng 
tron ban klnh r tai B, cat dubng tron ban klnh R tai C, D sao cho CD = 3AB. 

1.37. Trong mat phang Oxy cho dubng thang d co phuong trinh x + y - 2-0. 
Hay vib't phuong trinh cua dubng thang d' la anh cua d qua phep quay 

tarn O goc 45°. 

1.38. Qua tarn G cua tarn giac d£u ABC, ke dubng thang a cat BC tai M va cat AB 
tai N, ke dubng thang b cat AC tai P va AB tai Q, dbng thbi goc giua a va b 

bang 60°. Chumg minh rang tur giac MPNQ la mot hinh thang can. 
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1.39. Goi A', B\ C' tucmg ling la anh ciia ba dilm A, B, C qua phep dong dang ti so k. 
Chumg minh rang A'B'.A'C' = k 2 AB.AC. 

1.40. Goi A’, B'va C’ tircmg umg la anh cua ba dilm A,BvaC qua phep d6ng dang. 
Chumg minh rang neu AB - pAC thi A'B' = pA'C ', trong do p la mot so. Tir 
do chumg minh rang phep dong dang bie'n ba di^m thing hang thanh ba diem 
thing hang va ne'u di^m B nim giua hai di^m A va C thi diem B’ nim giua 
hai diem A’ va C’. 

1.41. Trong mat phing Oxy xet phep bien hinh F bie'n m6i diem M(x ; y) thanh 
M'( 2x - 1 ; - 2y + 3). Chumg minh F la mdt phep ddng dang. 

1.42. Dung tarn giac BAC vuong can tai A co C la mot di^m cho tnrdc, con hai 
dinh A, B lan luqt thuoc hai ducmg thing a, b song song vci nhau cho trudc. 


CAU HOI TRAC NGHIEM 

1.43. Trong mat phing Oxy cho di^m A{2 ; 5). Phep tinh tien theo vecto v (1 ; 2) 
bie'n A thanh diem nao trong cac diem sau ? 

(A) B(3 ; 1); (B) C(1 ; 6); (C) D(3 ; 7); (D) E(4 ; 7). 

1.44. Trong mat phing Oxy cho di^m A(4 ; 5). Hoi A la anh cua di^m nao trong 
cac diem sau qua phep tinh tie'n theo vecto v (2 ; 1) ? 

(A) B(3 ; 1); (B)C(1;6); (C) D(4 ; 7); (D) E(2 ; 4). 

1.45. Co bao nhieu phep tinh tie'n bie'n mot ducmg thing cho trudc thanh chmh no ? 

(A) Khdng co ; (B) Chi co mot; (C) Chi co hai; (D) Vo so. 

1.46. Co bao nhieu phep tinh tien bie'n mot ducmg tron cho trudc thanh chinh no ? 

(A) Khdng co ; (B) Mot; (C) Hai; (D) Vo so. 

1.47. Co bao nhieu phep tinh tie'n bien mot hinh vuong thanh chinh no ? 

(A) Khong co ; ' (B) M6t; (C) B6'n ; (D) Vo sd. 

1.48. Trong mat phing Oxy cho di&n M(2 ; 3), hoi trong bdn di^m sau diem nao la 
anh cua M qua phep dd'i xumg qua true Ox ? 

(A) A(3 ; 2); (B) B(2 ; -3); (C) C(3 ;-2); (D) D(-2 ; 3). 
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1.49. Trong mat phang Oxy cho diem M (2 ; 3), hoi M la anh cua di6m nao trong 
bon diem sau qua phep doi xumg qua true Oy ? 

(A) A (3 ; 2); (B) 5(2 ; -3); (C) C(3 ; -2); , (D) D(- 2 ; 3). 

1.50. Trong mat phang Oxy cho di^m M (2 ; 3), hoi trong bon diem sau diem nao la 

anh cua M qua phep d6'i xumg qua during thang x-y = 0 ? 

(A) A(3 ; 2); (B)5(2;-3); (C) C(3 ;-2); (D)D(-2;3). 

1.51. Hinh gom hai during tron co tarn va ban kinh khac nhau co bao nhieu true 
doi xumg ? 

(A) Khong co ; (B) Mrit; (C) Hai; (D) Vri s 6. 

1.52. Trong cac m6nh de sau m6nh d6 nao dung ? 

(A) Diromg tron la hinh co v6 so true d6'i xumg. 

(B) M6t hinh co v6 so true doi xumg thi hinh do phai la duomg tron. 

(C) M6t hinh co vo so true d6'i xumg thi hinh do phai la hinh gom nhurng 
duomg tron dong tarn. 

(D) M6t hinh co vo so true doi xumg thi hinh do phai la hinh gom hai duomg 
thang vudng goc. 

1.53. Trong mat phang Oxy, cho hai diem /(I ; 2) va M (3 ; -1). Trong bon diem 
sau didm nao la anh cua M qua phep d6'i xumg tarn /? 

(A) A(2 ; 1); (B)5(-l ;5); (C) C(-1 ; 3); (D) D(5 ;-4). 

1.54. Trong mat phang Oxy, cho duomg thang A co phuomg trinh x = 2. Trong bon 
duomg thang cho boi cac phuomg trinh sau duomg thang nao la anh cua A 
qua phep doi xumg tarn O ? 

(A) x--2\ (B)y = 2; (C)x = 2; (D)y = -2. 

1.55. Trong cac m6nh de sau menh d£ nao dung ? 

(A) Phep ddi xumg tarn khong co diem nao bien thanh chrnh no. 

(B) Phep ddi xumg tarn co dung mot diem bien thanh chrnh no. 

(C) Co phep doi xumg tarn co hai diem bien thanh chinh no. 

(D) Co phep doi xumg tarn co vo so diem bien thanh chrnh no. 

1.56. Trong mat phang Oxy, cho duomg thang A co phuomg trinh x - y + 4 = 0. 
Hoi trong bon duomg thang cho boi cac phuomg trinh sau duomg thang nao co 
the bien thanh A qua m6t phep d<5i xumg tarn ? 
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(A) 2x + y - 4 = 0 ; (B) x + y - 1 = 0 ; 

(C) 2x - 2y + 1 = 0 ; (D) 2x + 2y - 3 = 0. 

1.57. Hinh g6m hai duemg trdn phan biet c6 cung ban kfnh co bao nhieu tarn doi 
xung ? 

(A) Khong co ; (B) Mot; (C) Hai ; (D) Vo so. 

1.58. Trong mat phang Oxy cho diem A/(l ; 1). Hoi trong bon diem sau diem nao 
la anh cua M qua phep quay tarn O, goc 45° ? 

(A) A( -1 ; 1); (B)fl(l;0); (C)C(V2;0); (D) D(0 ; x/2 ). 

1.59. Cho tarn giac deu tarn O. Hoi c6 bao nhieu phep quay tarn O goc a, 
0 < a < 2n , bien tarn giac tren thanh chmh no ? 

(A) Mot; (B) Hai ; (C) Ba ; (D) Bon. 

1.60. Cho hinh vuong tarn O. Hoi co bao nhieu phep quay tarn O goc a, 
0<a<2n, bien hinh vuong tren thanh chmh no ? 

(A) Mot; (B) Hai ; (C) Ba ; (D) Bon. 

1.61. Cho hinh chu nhat co O la tarn doi xirng. Hoi co bao nhieu phep quay tarn O 
goc a , 0 < a < 2n , bien hinh chir nhat tren thanh chmh no ? 

(A) Kh6ng co ; (B) Hai ; (C) Ba ; (D) Bon. 

1.62. Co bao nhieu diem bien thanh chmh no qua phep quay tarn O goc a * 2kn , 
k la mot so nguyen ? 

(A) Khong co ; (B) Mot ; (C) Hai ; (D) V6 so. 

1.63. Trong mat phang Oxy cho diem M(2 ; 1). Hoi phep dcri hinh co dirge bang 
each thuc hien lien tig'p phep doi xung qua tarn O va phep tinh tien theo 
vectcr v (2 ; 3) bien M thanh diem nao trong cac diem sau ? 

(A) A(1 ; 3); (B) B(2 ; 0) ; (C) C(0 ; 2); (D) D(4 ; 4). 

2 2 

1.64. Trong mat phang Oxy cho duemg tron (C) co phuong trinh (x- 1) + (_y + 2) =4. 
Hoi phep doi hinh co dugc bang each thuc hien lien tiep phep doi xung qua 
true Oy va phep tinh tien theo vectcr v (2 ; 3) bien (C) thanh duemg tron nao 
trong cac duemg tron co phuerng trinh sau ? 

(A)x 2 +y 2 =4- (B) (x - 2) 2 + (y - 6) 2 = 4 ; 

(C) (x - T) + (y - 3) 2 = 4 ; (D) (x - 1) + (y ~ 1) = 4. 
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1.65. Trong mat phlng Oxy cho dudng thing d c6 phuong trinh x + y 2-0. Hoi 
phep ddi hinh co dirge bang each thuc hien lien tiep phep ddi xung qua tarn O 
va phep tinh tien theo vecto v (3 ; 2) bien d thanh dudng thing nao trong cac 
dudng thing co phuong trinh sau ? 

(A) 3x + 3y - 2 = 0 ; (B)*-y + 2 = 0; 

(C) x + y + 2 = 0 ; (D) x + y - 3 = 0. 

1.66. Trong cac menh de sau m6nh di nao dung ? 

(A) Thuc hien lien tid'p hai phep tinh tien se dirge mot phep tjnh tien. 

(B) Thuc hien lien tiep hai phep doi xung true se dugc mot phep doi xung true. 

(C) Thuc hien lien tiep phep doi xumg qua tarn va phep doi xumg true se dugc 
mot ph6p doi xung qua tarn. 

(D) Thuc hien lien tiep phep quay va phep tinh tien se dugc mot phep tinh tien. 

1.67. Trong cac mfenh dl sau m6nh dl nao dung ? 

(A) Co mot phep tinh tien theo vecto khac khong bien mpi diem thanh chinh no. 

(B) Co mot phep doi xung true bien mpi diem thanh chinh no. 

(C) Co mot phep doi xung tarn bien mpi diem thanh chinh no. 

(D) Co mot phep quay bien mpi diem thanh chinh no. 

1.68. Trong mat phang Oxy cho dilm M(-2 ; 4). Hoi phep vi tu tarn O ti so k = -2 
bien M thanh diem nao trong cac diem sau ? 

(A) A (-8 ; 4); (B) B(-4 ; -8); 

(C) C(4 ; -8); (D) D( 4 ; 8). 

1.69. Trong mat phang Oxy cho duemg thang d co phuong trinh 2x + y - 3 = 0. Hoi 
phep vi tu tarn O ti so k = 2 bien d thanh dudng thang nao trong cac dudng 
thang co phuong trinh sau ? 

(A) 2x + y + 3 = 0 ; (B) 2x + y - 6 = 0 ; 

(C) 4x - 2y - 3 = 0 ; (D) Ax + 2y - 5 = 0. 

1.70. Trong mat phang Oxy cho dudng thang d co phuong trinh x + y - 2-0. Hoi 
phep vi tu tarn O ti so' k = -2 bien d thanh dudng thing nao trong cac dudng 
thing co phuong trinh sau ? 

(A) 2x + 2y = 0\ (B) 2x + 2y - 4 = 0 ; 

(C) x + y + 4 = 0 ; (D) x + y - 4 = 0. 
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9 . 2 l 

1.71. Trong mat phang Oxy cho dudng tron (C) c6 phuong trinh (x - 1) + (y - 2) = 4. 
Hoi phep vi tu tarn O ti so k - -2 bien (C) thanh during tron nao trong cac 
dudng tron co phirong trinh sau ? 

(A) (x - 2) 2 + (y - 4) 2 = 16; (B) (x - A) + (y - 2) = 4 ; 

(C)U-4) +(j-2) =16; (D) (x + 2) 2 + 0> + 4) 2 = 16. 


1.72. Trong mat phang Oxy, cho diem M(2 ; 4). Hoi phep d6ng dang co diroc bang 

each thuc hien lien tiep phep vi tu tarn O ti sd' k - — va phep doi xiing qua 

true Oy se bien M thanh diem nao trong cac di6m sau ? 

(A) A(l; 2); (B) B( -2; 4); 

(C)C(-1;2); (D)D(l;-2). 

1.73. Trong mat phang Oxy cho dirdng thang d co phirong trinh 2x - y = 0. Hoi 
phep d6ng dang co diroc bang each thuc hien lien tiep phep vi tu tarn O, ti so 
k = -2 va phep doi xung qua true Oy se bien d thanh dudng thing nao trong 
cac dudng thang co phuong trinh sau ? 

(A)2x-> = 0; (B)2x + > = 0; 

(C)4x-> = 0; (D)2x + y-2 = 0. 

, - 2 2 

1.74. Trong mat phang Oxy cho dudng tron (C) co phuong tnnh (x-2) + (y-2) =4. 

Hoi phep dong dang co duqc bang each thuc hien lien tiep phep vi tu tarn 0 
ti sd k = — va phep quay tarn O goc 90° se bien (C) thanh dudng tron nao 


trong cac dudng tron sau ? 
(A) (x - 2) 2 + (y - 2) 2 = 1 ; 
(C) (x + 2) 2 + (y- 1) 2 = 1 ; 


(B) (A - 1 ) 2 + (y - 1 ) 2 = 1 
(D) (x + l) 2 + (y - l) 2 = 1. 
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HlTCfNG DAN GIAI VA DAP SO 


§1. PHEP BIEN HINH - §2. PHEP TjNH TIEN 


[x = 3 + 2 \x-5 

1.1. a) Gia sir A = (x ; v). Khi do . => 1 

[y = 2-1 [y = 1. 

vay A = (5 ; 1) 

(3 = x + 2 fx - 3-2 \x = \ 
b) Gia sir /4 = (x ; y). Khi do <! =>\ _ .=>1 _ 

12 = y — 1 b = 2 + l [y = 3. 


VayA = (l ; 3). 

1.2. a) Lay mot diem thuoc d, chSng han M = ( 0 ; 1). Khi do 

M' = 7p (M) = (0 - 2 ; 1 + 1) = (-2 ; 2) thuoc d'. Vi d' song song voti d nen 

phuong trinh cua no co dang 2x - 3y + C = 0. Do M' e d' nen 
2(- 2) - 3. 2 + C - 0. Tir do suy ra C = 10. Do do d' co phuotng trinh 
2x-3y+ 10 = 0. 


b) La'y mot diem thudc d, chang han M = (0 ; 1). Dudng thSng qua M 

vuong goc voi d co vectcr chi phuong la v = (2 ; -3). Do do phuong trinh cua 
x-0 y -1 


do la 


-3 


hay 3x + 2y - 2 = 0. Goi M' la giao cua d l voi d 2 thi toa 


do cua no phai thoa man he phuong trinh 


2x - 3y - 5 = 0 
3x + 2y-2 = 0 


16 


x = 


13 
11 
13 


16 


24, 


Tir do suy ra w = MM' = (— ;-). 

13 13 


1.3. Giao cua d vrii true Ox la diem A(3 ; 0). Phep tinh tien phai tim co vecto tinh 
tie'n v = AO = (-3 ; 0). During thSng d‘ song song vrii d va di qua goc toa do 
nen no co phuong trinh 3x - y = 0. 

1.4. Cach 1. D6 tha'y (C) la during trrin t&m /(I ; -2), ban kmh r = 3. Goi 

/' = 7^(7) = (1 -2 ; -2 + 5) = ( -1 ; 3) va (CO la anh cua (C) qua T- thi (CO 
la during trrin tam /' ban krnh r = 3. Do do (CO co phuong trinh 

(*+ l) 2 + (y-3) 2 = 9. 
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Cach 2. Bieu thurc toa do cua 70 la 


x = x - 2 

y=y +5 

Thay vao phucrng trinh cua (C) ta dugc 



(x' + 2) 2 + (y' - 5) 2 - 2(x’ + 2) + 4(y' - 5) - 4 = 0 
o x ,2 +y 2 +2x'-6y’+ 1=0 

«(/+l) 2 +(/-3) 2 = 9. 

2 „ 2 „ 

Do do (CO co phuong trinh (x + 1) + (y - 3) = 9. 

1.5. Do tur giac ABMM’ la hinh binh hanh 

nen BA = MM'. TCr do suy ra M' la anh 
cua M qua phep tinh tien theo vecto 

BA . TCr do suy ra tap hop cac diem M’ 
la dubng tron (C'), anh cua (C) qua phep 

tinh tie'n theo vecto BA (h. 1.28). 


(C 1 ) 


(C) 



Hinh 1.28 


§3. PHEP OOI XlfNG TRUC 

1.6. Goi M\ d’ va (CO theo thur tu la anh cua M, d va (C) qua phep doi xting qua 
true Ox. Khi do M’ - (3 ; 5). De tim d’ ta viet bieu thurc toa do cua phep dd'i 

f x — X [ X — X 

xting qua true Ox : \ , => <^ , (1). 

[y =~y [y = ~y 

Thay (1) vao phuong trinh cua duemg thlrng d ta duoc 3x’ - 2y' - 6 = 0. TCr 
do suy ra phuong trinh cua d' la 3x - 2y - 6 = 0. 

Thay (1) vao phuong trinh cua (C) ta duoc x' 2 +y' 2 - 2x' - 4y' - 4 = 0. TCr 

2 2 

do suy ra phuong trinh cua (CO la (x-1) +(y-2) =9. 

Cung co the nhan xet (C) co tarn la /(1 ; -2), ban kinh bang 3, tCr do suy ra tim /' 
cua (CO co toa do (1 ; 2) va phuong trinh cua (CO la (x- 1) +(y—2) =9. 

1.7. D6 thay d va d' khong song song vdi nhau. Do do true doi ximg A cua phep 
doi ximg bien d thanh d’ chinh la duemg phan giac cua goc tao bbi d va d'. 
TCr do suy ra A co phuemg trinh 
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J ^ 5 >' + 7 | _ l ^->'- 13| „ v _„ l , 7 = Wr _ v - n> 
vl + 25 V 25 + I 

TO do tim diroc hai phdp doi xtmg qua cac true : 

A, co phirctng trinh x + y - 5 = 0, A 2 co phuctng trinh x - y - 1 = 0. 


1.8. Cho hinh vuong ABCD. Goi F la phep doi 
xutig true d bien hinh vuong do thanh chfnh 
no. Lf lu£n tirong tu nhu vf du da neu a vain 
de 2, §3, ta tha'y A chi co the bien thanh cac 
diem A, B, C hoac D. 

- Neu A bien thanh chfnh no thi C chi co the 
bi6"n thanh chfnh no va B bien thanh D. TO do 
suy ra F la phep doi ximg qua true AC. 

- Neu A bien thanh B thi d\& dirdng trung true 
cua AB. Khi do C bien thanh D. 



D C 

Hinh 1.29 


Cac tnrcmg hop khac lap lu^ln tuctng tu. Do do hinh vudng ABCD co bon true 
ddi xutig la cac ductng thang AC, BD va cac dudng trung true cua AB va BC 
(h. 1.29). 


1.9. Ta tha'y rang B, C theo thd tu la 
anh cua A, D qua phep dbi xdng 
qua dudng trung true cua canh AB, 
tir do suy ra each dung : 

• - Dung ducrng trung true A cua 
doanAB. 

- Dung d' la anh cua d qua phdp 
doi xutig qua true A. 

Goi C - d'nc. 

- Dung D la anh cua C qua phep 
doi xting qua true A (h. 1.30). 

1.10. Goi B’ la anh cua B qua phep doi 
xting qua true d. Khi do vdi mdi 
diem M thuoc d 

MA + MB = MA + MB’ nen 
MA + MB be nha't <=> MA + MB’ be 
A, M,B’ thang hang. 

Tire la M = (AB')nd (h.1.31). 
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§4. PHEP 001 XlfNG TAM 

1.11. Dung anh cua ting diem A, B,C qua phep dp'i xung do. 

1.12. a) Goi AT, d' va (C 1 ) theo thtr tu la anh cua M, d va (C) qua phep doi xung 
qua O. Dung bieu thuc toa do cua phep doi xtrng qua goc toa do ta co: 

AT = (2 ; -3), phuong trinh cua d ': 3x - y - 9 = 0, phuong trinh cua ducmg 
tron (C 1 ) : x 2 + y 2 - 2x + 6y + 6 = 0. 

b) Goi AT, d' va (C 1 ) theo thtf tu la anh cua M, d va (C) qua phep doi xtrng 
qua I. 

Vi / la trung diem cua MM' nen M' = (4 ; 1). 

Vi d' song song voti d nen d' co phuong trinh 3x - y + C = 0. Lay m6t diem 
tren d, chang han N( 0 ; 9). Khi d6 anh cua N qua phep ddi xung qua tarn I la 
N'(2 ; -5). Vi N’ thuoc d' nfin ta co 3. 2 - (-5) + C = 0. Th do suy ra C - -11. 

Vay phuong trinh cua d' la 3x - y - 11 = 0. 

De tim (CJ, trudc het ta de y rang (C) la dubng tron tarn /(- 1 ; 3), ban kinh 
bang 2. Anh cua J qua phep ddi xung qua tarn I la J’(3 ; 1). Do do (C r ) la ducmg 

tron tarn J’ ban kinh bang 2. Phuong trinh cua (C 1 ) la {x - 3) 2 + (y -1) 2 = 4 . 

1.13. Giao cua d va d' voi Ox ian luot la A( -2 ; 0) va A'(8 ; 0). Phep doi xung qua 
tarn c3n tim bi6'n A thanh A' n£n tarn doi xung cua no la / = (3 ; 0). 

1.14. Gia sir tarn giac ABC da dung dupe 
(h.1.32). Lay diem M bat ki. Goi N la 
anh cua M qua phep doi xung tarn I. P la 
anh cua N qua phep doi xung tarn J, Q la 
anh cua P qua phep d6'i xung tarn K. Khi 

do CM = -BN = AP = -CQ. Do do C la 
trung dilm cua QM. Tir do suy ra each 
dumg tarn giac ABC. 

§5. PHEP QUAY 

1.15. a) Phep quay tarn O goc 120° bi6'n F, A, B l£n lupt thanh B, C, D ; bien 
trung di^m I cua AB thanh trung di&n J cua CD. N6n no biP'n tarn giac AIF 
thanh tarn giac CJB (h.1.33). 


A 



M Hinh 1.32 
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b) Phep quay tarn E goc 60° bien A, O, F 
lan luot thanh C, D, O. 


1.16. Goi Q^ q 9QO) la phep quay tam O, 

goc quay 90° (h. 1.34). 

A'= (-3 ; 3), 

B' = (-5 ; 0), 

C'=(-1 ; 1). 
d di qua B va M (-3 ; 0), 
M'=G (0i9 o° ) (M) = (0;-3) 

nen d' la ducmg thang B'M' co 
phuong trtnh 3x + 5y + 15 = 0. 


1.17. Xem E la anh cua A qua phep quay 

tam B, goc 90°. Khi A chay tren 
nua dudng tron ( O ), E se chay tren 
nua dubng tron (O') la anh cua nua 
dudng tron ( O ) qua phepr quay tam B, 

goc 90° (h.1.35). 


1.18. a) Phep quay tam C goc 90° big'n 
MB thanh AI. Do do MB bang va 
vudng goc vdi AI. DP song song va 
bang nua BM, DO song song va E 
bang nira AI. Tir do suy ra DP bang 
va vudng goc vdi DO (h.1.36). 

b) Tit cau a) suy ra phep quay tam D, 

goc 90° bien O thanh P, bie'n A 
thanh Q. Do do OA bang va vudng 
goc vdi PQ. 




§6. KHAI NIEM VE PHEP DOI HiNH VA HAI HINH BANG NHAU 


1.19. a) Af'= (1; 1) =M. 
b) M" = ( - 3; 1). 

1.20. Goi d x la anh cua d qua phep quay tam O goc 90°. Vi d chura tam quay O 
nen d x cung chura O. Ngoai ra d x vuring g6c vrii d nen d x c6 phucmg trinh 
x+ 2 y = 0. 

Goi d' la anh cua d x qua phep tinh tien vector v . Khi do phucmg trinh cua d' 
co dang x + 2y + C = 0. Vi d' chda 0'(3 ; 1) la anh cua O qua phep tinh tien 
vecto v nen 3 + 2 + C - 0, tit do C - -5. Vay phucmg trinh cua d' la 
x + 2y-5 = 0. 

1.21. Goi Q(/ t a) la phep quay tam I goc a (h. 1.37). Lay during thang d bat ki qua I. 

(X 

Goi d' la anh cua d qua phep quay tam I goc — ■ Lay diem M ba't ki va goi 

M' = ( M ). Goi M" la anh cua M qua phep drii xumg qua true d, M 1 la 

kih cua M" qua phep doi xumg qua true d'. Goi J la giao cua MM" vrii d, H la 
giao cua M"M vrii d'. Khi do ta cri dang thric giua cac gric luong giac sau : 

(/M, /Mj) = (IM, IM”) + (IM\ IM X ) 

= 2(IJ, IM") + 2 (IM", IH) 

= 2(1 J, IH) 

= 2 ^ = a = (IM, IM'). 

Tir do suy ra M' = Mj. Nhu vay M' 

cri the xem la anh cua M sau khi 
thuc hien lien tiep hai ph6p doi xumg 
qua hai true d va d'. 

1.22. a) Goi F la ph6p drii xumg qua during trung true d cua canh AB, G la phep doi 
xumg qua during trung true d' cua canh IE. Khi do F birin Al thanh BI, G bien 
BI thanh BE. Tir dri suy ra phep drii hinh cri dupe bang each thuc hien lien tiep 
hai phep bien hinh F va G se bien Al thanh BE (h. 1.38). 
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Han nua, goi 7 la giao cua d va 
d\ thi dd thay JA = JB, JI = JE 

va 2(7/, JB) = {JI, JE) = 45° 
(vi JE II IB). Do do theo ket qua 
cua bai 1.21, phep ddi hinh noi 
tren chfnh 1& phep quay tarn 7 

goc 45°. 

I®’ Lieu y. Co the: tim dirqc nhieu 
phep ddi hinh bien AI thanh BE. 

b) F bid'n cac didm A, B, C, D 
thanh B, A, D, C , G bi6'n cac 
diem B, A, D, C thanh B, A', D', 
C'. Do do anh cua hinh vudng 
ABCD qua phep ddi hinh noi tren 
la hinh vuOng BA'D'C' ddi xung 
vdri hinh vuong BADC qua d'. 



Hinh 1.38 


§7. PHEP V| TL/ 

1.23. a) Lay hai di£m /4(0 ; 4) va B{2 ; 0) thudc d. Goi A \ B' theo thd tu la anh cua 
A va B qua phep vi tu tam O ti sd' k - 3. Khi do ta co 

OA' = 304, 0B' = 30B. 

Vi 0A = {Q>-,4) nen OA' = (0 ; 12). Do do A’ = (0 ; 12). Tuong tufi'= (6 ; 0); 
d\ chinh la dudng thang A’B’ ndn no co phuong trinh 

——- - — hay 2x + y - 12 = 0. 

-6 12 

b) Co the giai tuang tu nhu c&u a). Sau day ta se giai bang each khac. 
Vi 7 2 // d nen phuong trinh cua <i 2 dang : 2x + y + C = 0. Goi 
A’ = ( x' ; y’ ) la anh cua A qua phep vi tu do thi ta co : 

M' = -2M hay x' + 1 =-2,y’-2- -4. 

Suy ra x = -3, y’ - -2. ' 

Do A’ thuoc 7 2 nen 2(-3) - 2 + C = 0. Ttr do suy ra C = 8. 

Phuong trinh cua d 2 la 2x + y + 8 = 0. 


4.BT.HINHHOC11(C)-A 
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1.24. Ta co A(3 ; -1) la tam cua (C) nen tarn A' cua (CO la anh cua A qua phep vi 
tu da cho. TCr do suy ra A' - (-3 ; 8). Vi ban kinh cua (C) bang 3, n6n b£n 
kinh cua (CO bang 1-21. 3 = 6. 

Vay (CO co phuong trinh : (x + 3) 2 + (y - 8) 2 = 36. 

1.25. Goi O la trung diem cua AB (h. 1.39). Gia su dung duqc hinh vuong MNPQ 
co M, N thuoc ducmg kinh AB\P,Q thu6c nua duong tron. Khi do O phai la 
trung diem cua MN. Neu la'y mot hinh vuong M'N'P'Q' sao cho M\ N' thuoc 
AB, O la trung difim M'N', thi d6 tha'y 

OM _ ON _ OP _ OQ 
. ~OM'~ ON' ~ OP' ~ OQ' 

TCr do suy ra hinh vuong MNPQ la anh cua hinh vuong M’N'P’Q' qua phep 
vi tu tarn O, suy ra O, P, P' va O, Q, Q' thang hang. Vay ta co each dung : 

- Dung hinh vuong M'N'P'Q' nam 
trong nua hinh tron da cho sao cho 
M'N' thu6c AB va O la trung diem 
cua M'N'. Tia OP' cat nua duomg 
tron tai P ; tia OQ' cat nua duomg 
tron tai Q. 

Khi do d6 thay tir giac MNPQ la 
hinh vuong cSn dimg. 

1.26. Gia su di6m A da dimg duqc 
(h.1.40). Goi B la hinh chi6'u vuong 
goc cua A tren Ox, khi do AB = AC. 

Lay diem A' bat ki tren Oy, goi B' la 
hinh chieu vubng goc cua A’ tren 
Ox, duomg thang qua A' song song 
v6i AC cat duomg thang OC tai C'. 

Khi do co the coi tam giac ABC la 
anh cua tam giac A'B’C' qua phep vi 

AC 

tu tam O ti so- nen A'C = A'B'. 

AC' 

TCr do suy ra each dimg : 

- Lay diem A' bat ki tren Oy, dimg 
B’ la hinh chieu vuong goc cua A’ 
len Ox. 



Hinh 1.39 



Hinh 1.40 
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- Lay C' la mot giao diem cua dirbng tron tarn A' ban kmh A'B' voi dirbng 
thing OC. 

- Dubng thing qua C song song vai A'C' cat Oy tai A. 

D6 thay A la diem phai dung. 

Bai toan co hai nghiem hinh. 


§8. PHEP DONG DANG 

1.27. Goi d la anh cua d qua phep vi tu tarn O 
ti so k = 2 thi phuang trinh cua d\ la 

x=\/2 (h.1.41). Gia sir d' la anh cua d\ 

qua phep quay tarn O goc 45°. Lay 
M( yj2 ; 0) thuoc d f thi anh cua no qua 

phep quay tarn O goc 45° la M\ 1 ; 1) 
thuoc d\ Vi OM _L nen OM' _L d\ 

Vay d' la duong thing di qua M' va 
vuong goc vai OM '. Do do no co phuang 
trinh x + y - 2 = 0. 

1.28. D6 thiy ban kmh cua (O') bing 4. Tam V cua (O la anh cua tarn /(I ; 2) cua 
(C) qua phep dong dang noi tren. Qua phep vi tu tarn O ti so k = -2, I bien 

thanh / 1 ( -2 ; -4). Qua phep doi xdng qua true Ox, / 1 bien thanh I'( ~2 ; 4). 

2 2 

Tu do suy ra phuang trinh cua (O') la (x + 2) + (y - 4) =16. 

1.29. Dung phep tinh tien dua ve hai da giac diu cung tam doi xung, sau do dung phep 
quay dua ve hai da giac deu cung lam doi xung co cac dinh tuang ung thing hang 
vdi tam, cuoi cung dung phep vi tu bien da giac nay thanh da giac kia. 

1.30. a) Dung hinh binh hanh ADCE. Ta co DC = AE khong doi (h. 1.42). 

Do AE = b khong doi, nen E co dinh. Do AD = EC = a nen khi D chay tren 
dubng tron (A ; a) thi C chay tren duang tron (E ; a) la anh cua {A : a) qua 

phep tinh tien theo AE. 
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AC AB + b 


AJ = 


AB 


AB + b 


AC. 


Do do co thd xem / la anh cua C qua phep vi tu tam A, ti so 


AB 

AB + b 



khi C chay trfin (E ; a) thi I chay tren ducmg tron la anh cua (E ; a) qua 
phep vi tu noi tren. 


CAL HOI VA BAI TAP ON TAP CHLONG I 

1.31. Phucmg trinh d': 3x - 5y + 12 = 0. 

1.32. Xem D la anh cua C qua phep tjnh tien theo vecto BA: Do C chay tren 
dudng tron (C) tam A ban kfnh m, trtr ra giao di6m cua (C) vori dircmg thSng 
AB, nen D thuoc dudng tron la anh cua dudng tron noi tren qua phep tinh 

tien theo vecto BA . 

1.33. Gia sir da dung dupe hai di6m M, N thoa man dieu ki^n dSu bai. Ducmg 
thang qua M va song song v6i AC cat BC tai D. Khi do tu - giac MNCD la 
hinh binh hanh. Do do CN = DM. Tit do suy ra tam giac AMD can tai M. Do 

do MAD = MDA = DAC . Suy ra AD la phan giac trong cua goc A. Do do 

AD dung dupe. Ta lai co NM = CD , ngn co the’ xem M la anh cua N qua 

phep tinh tien theo vecto DC . 

Tir do suy ra each dung : 

- Dung duemg phan giac trong cua goc A. Dudng nay cat BC tai D. 
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A 


- Dung duang th&ng d la anh cua duang 
thing AC qua phep tinh tien theo vecta 

CD. d cit AB tai M. 

- Dung N sao cho NM = CD . 

Khi do dt thay M, N thoa man dieu kien 
dau bai (h.1.43). 

1.34. a) d^ : 3x + 2y + 6 = 0. 

b) Giao cua d va A la A(2 ; 0), Lay 

■? 0 

5(0 ; -3) thuoc d. Anh cua B qua phep 
doi xung qua ducmg thing A la B'(5 ; 2). 
Khi do d' chlnh la ducmg thing A5' : 
2x - 3y - 4 = 0. 

1.35. Tap cac diem N thuoc ducmg tron (C") la 
anh cua (C) qua phep ddi xung qua 
trung diem cua AB. 

1.36. Goi ( C ) la ducmg tron tarn O ban kinh r, 
(C^) la ducmg tron tarn O ban kinh R 

(h.1.44). Gia sir ducmg thing da dung 
duqc. Khi do co the xem D la anh cua B 
qua phep doi xumg qua tarn A. Goi ( C r ) 
la anh cua (C) qua phep ddi xung qua 

tarn A, thi D thuoc giao cua (0 va (Cj). 
S 6 nghidm cua bai toan phu thuoc vao so 
giao didm cua ( C ') vdi (Cj). 

1.37. Dd tha'y d chtra diem H( 1 ; 1) va OH A. d. 
Goi H' la anh cua H qua phep quay tarn 

O goc 45° thi H' = (0 ; V2 ). Tir do suy 
ra d' phai qua H' va vuong goc vdi OH'. 
Vay phucmg trinh cua d'\ay= -Jl. 

1.38. Goi Q^ g 120O) la phep quay tarn G goc 
120° (h. 1.45). Phep quay nay bien b 




A 
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thanh a , bien CA thanh AS ; do do no bien P thanh N. Ttrong tir g (G l2 o°) 

cung bien Q thanh M. TCr do suy ra GP = GN, GQ = GM. Do do hai tarn giac 
GNQ va GPM bang nhau, suy ra NQ = PM. Vi Q 0 bien PQ thanh 

NM nen PQ = NM. Tir do suy ra hai tarn giac NQM va PMQ bang 
nhau. Do do NQM = PMQ. Tucmg tu QNP = MPN . TCr do suy ra 

PNQ + NQM = 180°. Do do NP // QM. Vay ta co tut giac MPNQ la mot 
hinh thang can. 

1.39. Theo dinh nghTa cua phep dong dang ta co B'C' = kBC, tir do suy ra 
B'C' 2 = k 2 BC 2 . Hay (XC' - Wb') 2 = k 2 (AC- AB ) 2 . Suy ra 

A'C' 2 -iWc'J^B' + A'B' 2 = k 2 (AC 2 -2AC.AB + AB 2 ). 

De y rang A'C' 2 = k 2 AC 2 , A'B' 2 = k 2 AB 2 ta suy ra ditru phai chung minh. 

1.40. De y rang A'C' 2 = k 2 AC 2 , A'B' 2 = k 2 AB 2 , Wc'^B' = k 2 AC.AB , ta co 
(A B'-pAX;') 2 = A'B' 2 - 2 pWB'jCC' + p 2 A'C' 2 

= k 2 {AB 2 -UpABAC + p 2 AC 2 ) 

= k 2 (AB - pAC) 2 = 0. 

TCr do suy ra Wb'- pWc'= 0. 

Gia sir ba diem A, B, C thang hang va diem S nam giua hai diem A va C. Khi 

do AB = tAC , vofi 0 < t < 1. Ap dung bai 1.39 ta cung co A'B' = tA'C' , voi 
0 < t < 1. Do do ba diem A \ S', C' thang hang va diem S' nam giua hai diem 
A' va C\ 

1.41. La'y difim N(x^\ , thi diem N'( 2x l - 1 ; - 2y 1 + 3 ) = F(N). Ta co 

2 2 2 2 2 
M'N' 2 = (2x 1 - 2x) + ( - 2y 1 + 2 y) = 4[(x 1 -x) + 0^ - y) ] = 4 MN . 

TCr do suy ra vai hai diem M, N tuy y va M\ N' lfin luot la anh cua chung qua 
F ta co MW' = 2 MN. Vay F la mot phep dong dang vcfi ti so d6ng dang la 2. 

1.42. Xem B la anh cua A qua phep d6ng dang co dirac bang each thuc hien lien 
tiep phep quay tarn C goc ± 45° va phep vi tu tarn C ti so k = y/2 (h. 1.46). 
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Vi A thuoc a nen B thuoc dudng thing a’ la anh cua a qua phep ddng dang 
noi tren. Vay B la giao cua a' va b. Tir do suy ra each dirng. Bai toan co hai 
nghiem hinh. 



CAU HOI TRAC NGHIEM 


1.43. (C). 

1.59. (C). 

1.44. (D). 

1.60. (D). 

1.45. (D). 

1.61. (B). 

1.46. (B) Do la phep tinh tien theo vecto 0. 

1.62. (B). 

1.47. (B) Do la phep tinh tien theo vecto 0. 

1.63. (C). 

1.48. (B). 

1.64. (D). 

1.49. (D). 

1.65. (D). 

1.50. (A). 

1.66. (A). 

1.51. (B). 

1.67. (D). 

1.52. (A). 

1.68. (C). 

1.53. (B). 

1.69. (B). 

1.54. (A). 

1.70. (C). 

1.55. (B). 

1.71. (D). 

1.56. (C). 

1.72. (C). 

1.57. (B). 

1.73. (B). 

1.58. (D). 

1.74. (D). 
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CHLfdNC II _ 

DlfOrNG THANG VA MAT PHANG 
TRONG KHONG GIAN. QUAN HE SONG SONG 


§1. DAI ClTONG vfi Dl/pNG THANG 
VA MAT PHANG 

A. CAC KIEN THlfC CAN NHCJ 

I. CAC TINH CHAT THlfA NHAN 

Tmh chat 1. Co mot va chi mot dudng thang di qua hai diem phan biet. 

Tinh chat 2. Co mot va chi mot mat phang di qua ba di6m khong thang hang. 

Tinh chat 3. Neu mot dudng thSng co hai diem phan biet thuoc mot mat phang 
thi moi diem cua dudng thang d4u thuoc mat phang do. 

Tinh chat 4. Co bon diem khong ciing thuoc mot mat phang. 

Tinh chat 5. N6'u hai mat phang phan biet co mdt diem chung thi chung con co 
mbt diem chung khac nua. 

TCr do suy ra : Neu hai mat phang phan biet co m6t diem chung thi chung se 
co mdt dudng thang chung di qua diem chung ay. 

Tinh chat 6. Tren mdi mat phang, cac ket qua da biet trong hinh hoc phang deu dung. 

II. CACH XAC DINH MAT PHANG 

Mot mat phang hoan toan duoc xac dinh khi biet: 

1. No di qua ba diem khong thang hang ; 

2. No di qua mot diem va chira mot dudng thang khong di qua di&n do ; 

3. No chua hai dudng thang cat nhau. 
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Ki hieu 


- {ABC) bidu thi mat phang xac djnh bcri ba diem phan biet khong thang hang 
A, B, C (h.2.1). 

- (M, d) bidu thj mat phang xac dinh bcri dtrbmg thang d va diem M khong nam 
tr6n d (h.2.2). 

~{d 1 ,d 2 ) bieu thi mat phang xac dinh bcri hai dircrng thang cat nhau d x , d 2 (h.2.3). 



III. HINH CHOP VA HINH TIT DIEN 

1. Hinh chop 

Trong mat phang ( a ) cho da giac loi A X A 2 ...A n . Lay didm S nam ngoai (a). 
Lan lirgt noi S vdi cac dinh A X ,A 2 , ...,A n ta dirge n tarn giac SA X A 2 , 
SA 2 A 2 ,..., SA n A x . Hinh gom da giac A x A 2 ...A n va n tarn giac SA X A 2 , 
SA 2 A 2 ,..., SA n A x dirge ggi la hinh chop, ki hieu la S.A X A 2 ...A n . 

2. Hinh tu: dien 

Cho bdn didm A, B, C, D khong dong phang. Hinh gom bdn tarn giac ABC, 
ABD, ACD va BCD dirge ggi la hinh td dien, ki hidu la ABCD. 



Van dc 1 


B. DANG TOAN CO BAN 

■ 


Xac dinh giao tuyen cua hai mat phang 


1. Phucmg phap giai 

Mudn tim giao tuy&'n cua hai mat phang, ta tim hai didm chung cua chung. 
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2. Vidu 


Vidu 1. Cho S la mot diem khdng thuoc mat phing hinh binh hanh ABCD. Tim 
giao tuyen cua hai mat phing (SAC) va ( SBD). 


gidi 

Goi O la giao diem cua AC va BD 
(h.2.4). Ta co 5 va O la hai diem 
chung cua (S/\C) va (SBD) nen : 

(&4C) n (SBD) = SO. 

Vay giao tuyen cua hai mat phing 

(SAC) va (SBD) la dircmg thing SO. 

Vidu 2. Cho S la mot diem khong 
thuoc mat phing hinh thang 
ABCD (AB II CD va AB > CD). 
Tim giao tuyen cua hai mat phSng 

(SAD) va (SBC). 



gidi 

Goi I la giao diem AD va BC (h.2.5). 

Ta co 5 va / la hai diem chung cua 
(SAD) va (SBC) nen 

(SAD) n (SBC) = SI. 


Vay giao tuyen cua hai mat phang 
(SAD) va (SBC) la ducfng thang SI. 



Van de 2 


s 



Fim giao diem cua dudng thang 


1. Phuffng phap gidi 

Tru&ng hap 1. Trong (a) co san duong thing d' cat d tai I. 

Ta co ngay d n (a) = I. 

Trudng hap 2. Trong (a) khong co sin d' cat d. Khi do ta thirc hien nhu sau : 
- Chon mat phing phu (/3) chua d va (/3) cat (a) theo giao tuyen d\ 


58 





- Goi / = d' n d. 
Ta co d n ( a) - I. 


2. Vi du 

Vidu 1. Cho tu dien ABCD. Goi /, J la cdc diem lan lucrt nam tren cac canh AB , 

13 

AD vdi Al - —IB va AJ = —JD. Tim giao diem cua dirdng thang IJ vai mat 
2 2 

phang (BCD). a 


gidi 


Do 


1 


AI = —IB 
2 

AJ = -JD 
2 


nen IJ keo dai se ckt BD , goi giao diem 
la K (h.2.6). Ta co K = IJ n (BCD). 



K 


Vidu 2. Cho tu dien ABCD . Goi I, J va 
K lan luot la cac diem tren cac canh AB , 
BC va CD sao cho 

AI= — AB ; BJ = —BC ; CK - -CD. 

3 3 5 

Tim giao diem cua mat phang (IJK) vdi 

dirdng thang AD. 


gidi 

Goi E la giao diem cua JK va BD, F 
la giao diem cua AD va IE (h.2.7). 

Ta co F = AD n (IJK). 

S Van Je ? 

Chdng minh ba diem thing hang 





1. Phuffng phap gidi 

Neil phai chirng minh ba diem nao do thang hang, ta chtrng minh ba difim ay 
ciing thudc hai mat phang phan biet. 
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2. Vidu 

Ti' du. Cho ba diem A, B, C kJhong thuOc 
mat phang ( Q ) va cac durcrng thang BC, 
CA, AB cat (0 lan lirot tai M, N, P. 
Chung minh rang M, N, P thang hang. 

Qidi 

Ta co M, N, P lan lirot thuoc ve hai mat 
phang ( Q ) va (ABC) nen M, N, P thuoc 
giao tuyen d cua (Q) va (ABC) (h.2.8). 
Vay M, N, P thang hang. 


A 



C. CAU HOI VA BAI TAP 

2.1. Cho tur dien ABCD va di6m M thuOc mifin trong cua tarn giac ACD. Goi I 
va J turong irng la hai diem tren canh BC va BD sao cho IJ khOng song song 
voi CD. 

a) Hay xac dinh giao tuyen cua hai mat phang (IJM) va (ACD). 

b) Lay N la di6m thuoc mien trong cua tarn giac ABD sao cho JN cat doan 
AB tai L. Tim giao tuyen cua hai mat phang (MNJ) va (ABC). 

2.2. Cho hinh chop S.ABCD co day la tur giac ABCD co hai canh dd'i dien khdng 
song song. La'y difim M thuoc mien trong cua tarn giac SCD. 

Tim giao tuye'n cua hai mat phang : 

a) (SBM) va (SCD ); 

b) (ABM) va (SCD ); 

c) (ABM) va (SAC). 

2.3. Cho tur dien ABCD. Tren canh AB la'y diem / va lay cac diem J, K lan lirot la 
diem thuOc mien trong cac tarn giac BCD va ACD. Goi L la giao diem cua 
JK voi mat phang (ABC). 

a) Hay xac dinh diem L. 

b) Tim giao tuyen cua mat phang (IJK) vcri cac mat cua tu - dien ABCD. 

2.4. Cho tur dien ABCD co cac diem M va N ldn lirot la trung diem cua AC va BC. 
Lay diem K thuoc doan BD (K khOng la trung diem cua BD). Tim giao diem 
cua durdng thang AD va mat phang (MNK). 
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2.5. Cho hinh chop S.ABCD. Lay M,N vaP lan lirgt la cac diem tren cac doan SA, 
AB va BC sao cho chung khdng trung vdi trung diem cua cac doan thing ay. 
Tim giao diem (neu co) cua mat phing (MNP) vdi cac canh cua hinh chop. 

2.6. Cho hinh chop S.ABCD. M vaN tucfng irng la cac diem thudc cac canh SC va 
BC. Tim giao diem cua dudng thing SD vdi mat phing ( AMN ). 

2.7. Cho ttr dien SABC. Tren SA, SB va SC lin luot lay cac di^m D, E va F sao 
cho DE cit AB tai I, EF cit BC tai J, FD cit CA tai K. 

Chung minh ba diem I, J, K thing hang. 

2.8. Cho hai mat phing (a) va (ft) cit nhau theo giao tuyen d. Trong (a) liy hai 
diem A va B sao cho AB cit d tai I. O la mOt diem nim ngoai (a) va (ft) sao 
cho OA va OB lan luot cit (J3) tai A' va B'. 

a) Chung minh ba diem I,A',B' thing hang. 

b) Trong (or) liy diem C sao cho A, B, C khong thing hang. Gia su OC cit (J3) 
tai C', BC cit B'C' tai J, CA cit CA' tai K. Chung minh I, J, K thing hang. 

2.9. Cho til di6n SABC co D, E lin luot la trung diem AC, BC va G la trong tim 
tarn giac ABC. Mat phing (a) qua AC cit SE, SB lin luot tai M, N. Mot mat 
phing (P) qua BC cit SD va SA lin luot tai P va <2- 

a) Goi I = AM n DN, J - BP n EQ. Chung minh bon diem S, I, J, G 
thing hang. 

b) Gia su AN n DM = K, BQ n EP - L. Churng minh ba diem S, K, L 
thing hang. 


§2. HAI Dl/C)NG THANG CHEO NHAU 
VA HAI Dl/CJNG THANG SONG SONG 

A. CAC KIEN THLfC CAN NH6 

I. VI TRI TlTONG DOI CUA HAI DUCJNG THANG 
TRONG KHONG GIAN 

Cho hai ducfng thing a va b trong khong gian. Co hai trucfng hop sau diy xay 
ra doi vdi avab: 
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Truong h(fy l : Co mot mat phing chua a va b. 

Xay ra ba kha nang sau : 

1. a va b cat nhau tai diem M, ta ki hieu a n b = M ; 
l.av'ab song song vdi nhau, ta ki hieu a II b hoac b II a\ 

3. a va b trung nhau, ta ki hieu a = b. 

Truong hop 2 : Khong co mat phang nao chua ca a va b, khi do ta noi a va b 

cheo nhau. 

II. CAC DINH LI VA TINH CHAT 

1. Trong khong gian, qua mot diem khong n3m tren ductng thang cho trudc, co 
mot va chi mot ductng thang song song vdi duong thang da cho. 

2. Neu ba mat phang phan biet doi mot cat nhau theo ba giao tuy6'n phan biet 
thi ba giao tuyen ay hoac d6ng quy hoac doi mot song song vdi nhau. (Dinh 
li ve giao tuyen ciia ba mat phang.) 

3. Neu hai mat phang phan biet lan lupt chua hai dudng thang song song thi 
giao tuyen cua chung (neu co) cung song song vdi hai dudng thing do hoac 
trung vdi mot trong hai dudng thing do. 

4. Hai dudng thing phan biet cung song song vdi dudng thing thur ba thi song 
song vdi nhau. 



Van (Je 1 


B. DANG TOAN CO BAN 


Tim giao tuyen cua hai mat 


o 

phang (dung quan he song song) 


1. Phuomg phap giai 

Neu hai mat phing {a) va (/?) co die’m chung S va lan lupt chda hai dudng 
thang song song d va d' thi giao tuyen cua (a) va (/?) la dudng thing A di 
qua S va song song hoac trung vdi d hay d'. 


2. Vidu 

Vi du. Cho hinh binh hanh ABCD va S la diem khdng thupc mat phing cua 
hinh binh hanh. Tim giao tuyen cua (SAD) va (SBC). 
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/ 



gidi 

Hai mat phing (SAD) va (SBC) c6 didm 
chung S va chua hai dudng thing song 
song AD va BC nen giao tuyen cua 
chung la dudng thing d di qua S va song 
song vdi AD va BC (h.2.9). 



5 d 



Hinh 2.9 


9 

Chung minh hai dudng thang song song 


/. Phuang phdp gidi 

a) Chung minh chung cung thuoc mot mat phing va dung phuong phap chung 
minh hai dudng thing song song trong hinh hoc phing. 

b) Chung minh chung cung song song vdi dudng thing thu* ba. 

c) Dung tmh chat : Hai mat phing phan biet lan luot chua hai dudng thing 
song song thi giao tuydn cua chung (neu co) cung song song vdi hai dudng 
thing ay. 

d) Dung dinh li vd giao tuyen cua ba mat phing. 


2. Vidu 

Vxdu. Cho td dien ABCD . Goi M, N theo thd tu la trung diem cua AB, BC va Q 
la mot diem nim tren canh AD va P la giao diem cua CD vdi mat phing 
(MNQ). Chung minh ring PQ H MN vh PQ 11 AC. 

gidi 

Ba mat phing (ABC), (ACD) va a 

(MNQ) lan luctt cit nhau theo cac 
giao tuyen AC, MN va PQ. 

VI MN ii AC (tmh chat dudng trung 
birth cua tarn giac), nen PQ H MN // AC 
(theo dinh If v6 giao tuyen cua ba 
mat phing) (h.2.10). 

C 

Hinh 2.10 
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Van (Te ~i 

9 

Chiing mi ah hai dildng thang cheo nhau 

1. Phuong phap giai 

Ta thucmg dung phuong phap phan chumg nhu sau : 

Gia su hai dudng thing da cho cung nim trong mot mat phing r6i rut ra diiu 
miu thuin. 

2. Vidu 

Vidu. Cho d x , d 2 la hai dudng thing cheo nhau. Tren d ] , lay hai diem phan 
biet A va ; tren d 2 lay hai diem phan biet C va D. Chung minh ring AC va 
BD cheo nhau. 

giai 

Gia su AC va BD khong cheo nhau. 

Nhu vay co mOt mat phing ( P ) chtia 
ca flfj va d 2 . Khi do ta co d t va d 2 
cung nim tren (P). Diiu nay mau 
thuin vcri gia thiet <ij va d 2 cheo 
nhau. Viy AC va BD cheo nhau 

(h.2.11). Hinh2.11 

C. CAU HOI VA BAI TAP 

2.10. Cho hlnh chop S.ABCD co day la hlnh binh hanh ABCD. Tim giao tuyfe'n cua 
cac cap mat phing sau day : 

a) (SAC) va ( SBD) ; b) (SAB) va (SCD) ; c) (SAD) va (SBC). 

2.11. Cho tur dien ABCD. Tren cac canh AB vi AC lan luot liy cac diem M va N 

sao cho-=-Tim giao tuyen cua hai mat phing (DBC) va (DMN). 

AB AC 

2.12. Cho tu: dien ABCD. Cho / va / tuong ung la trung di^m cua BC va AC, M la 
mot diem tuy y tren canh AD. 

a) Tim giao tuydn d cua hai mat phing (MIT) va (ABD). 
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b) Goi N la giao diem cua BD vdi giao tuyen d, K la giao diem cua IN va JM. 
Tim tap hop diem K khi M di dong tren doan AD (M khong la trung diem 
cua AD). 

c) Tim giao tuyen cua hai mat phing ( ABK) va ( MIJ ). 

2.13. Cho td dien ABCD. Goi M, N, P, Q,RvaS lan luot la trung diem cua AB , CD, 
BC, AD, AC va BD. Chung minh rang tit giac MPNQ la hinh binh hanh. Ttr 

' do suy ra ba doan thing MN, PQ va RS cat nhau tai trung did’m mdi doan. 

2.14. Cho td dien ABCD co / va / lin lupt la trong tarn cac tarn giac ABC va ABD. 
Chung minh ring IJII CD. 

2.15. Cho hinh chop S.ABCD co day la hinh thang ABCD vcri day la AD va BC. 
Biet AD = a, BC = b. Goi I va J lan lupt la trong tarn cua cac tarn giac SAD 
va SBC. Mat phing (ADJ) cit SB, SC lan lupt tai M, N. Mat phing {BCP) cit 
SA, SD lan lupt tai P, Q. 

a) Chung minh MN song song vdi PQ. 

b) Gia su AM cit BP tai E ; CQ cit DN tai F. Chung minh ring EF song 
song vdi MN va PQ. Tinh EF theo u va b. 


§3. Dl/CJNG THANG 
VA MAT PHANG SONG SONG 


A. CAC KIEN THLTC CAN NHCi 

I. VI TRI Tl/ONG D6l CUA DUCfNG THANG VA MAT PHANG 

Giua dudng thing d va mat phing ( a) ta co ba vi tri tucmg doi nhu sau : 

1. d va (a) cit nhau tai M, ki hidu dn(a) = { M }; 

2. d song song vdi (a), ki hieu d// (a) hay ( a ) // d ; 

3. d nim trong (a), ki hieu d c(a). 


5.BT.HINHHOC11 (C)-A 
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II. DINH LI VA TINH CHAT 

1. Neu dudng thang d khdng nam trong mat phang ( a ) va d song song vdi 
dudng thang d' nam trong (a) thi d song song vdi {a). 

d (Z ( a ) 

<dlld' =>d//(a). 

d'c.(c?) 

2. Cho dircfng thang d song song vdi mat phang (a). Neu mat phang {0) chira d 
va cat (a) theo giao tuyen d’ thi d’ song song vdi d. 

dll {a) 

<{0)z^d =>d//d'. 

(fl)n(a) = d' 

3. Neu hai mat phang phan biet ciing song song vdi mot dudng thang thi giao 
tuyen cua chung (neu co) cung song song vdi dudng thang do. 

\a)//d 

<{0)//d =>d//d'. 

( a)n(0) = d' 

4. Cho hai dudng thang cheo nhau. Co duy nhat mot mat phang chira dudng 
thang nay va song song vdi dudng thang kia. 



B. DANG TOAN CO BAN 


* 9 9 

Chiing minh dudng thang song song vdi mat phang 

1. Phuang phap giai 

a) Ta chumg minh dudng thang va mat phang khdng co diem chung. 

b) Ta chumg minh dudng thang do khdng nam trong mat phang va song song 
vdi mot dtrdng thang nam trong mat phang. 
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5.BT.HINHHOCll(C)-B 



2. Vi du 


Vi du. Cho tu dien ABCD. G la trong tarn tam giac ABD. Tren doan BC lay 
diem M sao cho MB - 2MC. Chung minh ring MG II ( ACD). 


Qiai 

Goi / la trung diem AD (h.2.12). 
Trong tam giac CBI ta co 


BM BG 
BC ~ B1 


2 

3 


n6n MG // CL 


Ma Cl nSm trong mat phang (ACD) 
suy ra MG II (ACD). 



Van <Je 2 


A 



v 9 

Dung thiet dien song song voi mot diidng thang 


1. Phucng phdp giai 
Ta co the dung dinh li sau : 

Cho dudng thing d song song vdi mat phing (cc). Neu mat phang (ft) chua d 
va cit (cc) theo giao tuyen d' thi d' song song vdi d. 


2. Vidu 

Vidu. Cho hinh chop SABCD co day la 
hinh binh hanh ABCD, O la giao diem 
cua AC va BD, M la trung diem cua SA. 
Tun thiet dien cua mat phing (a) vdi 
hinh chop S.ABCD neu (a) qua M va 
dong thdi song song vdi SC va AD. 

Qiai 

Vi (or) song song vdi AD nen (a) cit 

hai mat phing (SAD) va (ABCD) theo hai 
giao tuyen song song vdi AD (h.2.13). 



Ttrong tu (a) song song vdi SC nen (a) cat hai mat phang (SAC) va (SCD) 
theo cac giao tuydn song song vdi SC. 
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Goi O - AC n BD, ta co SC // MO (dudng trung binh trong tam giac SAC). 
Qua O ke dudng thang song song vbi AD, cat AB va CD lan luot tai Q va P. 
Qua M, ke dudng thang song song vdi AD cat SD tai N. 

Theo nhan xet tren, ta co MN // PQ va NP // SC. 

Vay thiet dien la hinh thang MNPQ. 


C. CAU HOI VA BAI TAP 

■ 

2.16. Cho ttr dien ABCD. Goi G] va G 2 lan luot la trong tam cua cac tam giac ACD va 
BCD. Chung minh rang G|G 2 song song vdi cac mat phang (ABC) va (ABD). 

2.17. Cho hai hinh binh hanh ABCD va ABEF n3m trong hai mat phang phan biet. 
Goi O la giao diem cua AC va BD, O' la giao di£m cua AE va BF. 

a) Chung minh rang 00’ song song vdi hai mat phang (ADF ) va (BCE). 

b) Goi M va N lan luot la trong tam cua cac tam giac ABD va ABE. Chung 
minh rang MN // (CEF). 

2.18. Cho hinh chop S.ABCD co day la hinh binh hanh ABCD. Goi G la trong tam 
cua tam giac SAB va I la trung di6m cua AB. La'y didm M trong doan AD sao. 
cho AD = 3AM. 

a) Tim giao tuyen cua hai mat phang (SAD) va (SBC). 

b) Dudng thang qua M va song song vdi AB cat Cl tai N. Chung minh rang 
NGII (SCD). 

c) Chung minh rang MG II (SCD). 

2.19. Cho hinh chop SABCD co day la hinh thang ABCD, day ldn la AD va AD = 2 BC. 
Goi O la giao diem cua AC va BD, G la trong tam cua tam giac SCD. 

a) Chung minh rang OGII (SBC). 

b) Cho M la trung di6m cua SD. Chung minh rang CM II (SAB). 

, , 3 

c) Gia su diem I nam trong doan SC sao cho SC = —SI. Chung minh rang 

SA // (BID). 

2.20. Cho td dien ABCD. Qua diem M n3m tren AC' ta dung mdt mat phang (a) 
song song vdi AB va CD. Mat phang nay lan luot cat cac canh BC, BD va AD 
tai N, P va Q. 

a) Tu giac MNPQ la hinh gi ? 
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b) Goi O la giao diem hai dircmg cheo cua ttf giac MNPQ. Tim tap hap cac 
diem O khi M di dong trfin doan AC. 

2.21. Cho hinh chop S.ABCD co day la hlnh binh hanh ABCD. M la mot diem di 
dong tren doan AB. Mot mat phing (a) di qua M va song song vbi SA va BC ; 
(a) cat SB, SC va CD lin loot tai N, P va Q. 

a) Tir giac MNPQ la hinh gi ? 

b) Goi I la giao diem cua MN va PQ. Chung minh rang I nam tren mot 
dircmg thang co djnh. 


§4. HAI MAT PHANG SONG SONG 
A. CAC KIEN THtfC CAN NH6 


I. DINH NGHIA 

Hai mat phang (a) va (/ 3) diroc goi la song song v6i nhau neu chung khong co 
diem chung, ki hieu {a) I HP) hay ( P)ll{a). 

(a)//(y0)<=>(a)n(y0) = 0. 

II. DINH LI VA TINH CHAT 

1. Neu mat phang (a) chua hai dircmg thang cat nhau a, b va hai dircmg thang 
nay ciing song song vdi mat phang (P) thi mat phang (a) song song vdi mat 
phang (P). 

a a (a), be (a) 

< a cat b => (a)H (p) 

all (P), bII (P) 

2. Qua mot di£m nam ngoai mot mat phang cho trirdc c6 mot va chi mot mat 
phang song song vcri mat phang da cho. 

He qua 1 

Neu dircmg thing d song song voi mat phing (a) thi qua d co duy nhat mot 
mat phing song song vdi (a). 
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He qua 2 

Hai mat phang phan biet cirng song song vcri mat phang thur ba thi song 
song voi nhau. 

He qua 3 

Cho diem A khong nam tren mat phang (a). Moi dircmg thang di qua A va 
song song vcri (a) deu nam trong mat phang di qua A va song song vdd (a). 

3. Cho hai mat phang song song vcri nhau. Neu mot mat phang cat mat phang 
nay thi cung cat mat phang kia va hai giao tuyen song song vdri nhau. 

He qua 

Hai mat phang song song chan tren hai cat tuyen song song nhirng doan 
thang bang nhau. 

4. Dinh li Ta-let (Thales) 

Ba mat phang doi mot song song chan tren hai cat tuyen bat ki nhirng doan 
thang tirong tmg ti le. 


III. HINH LANG TRU VA HINH CHOP CUT 


• Hinh lang tru 

Cho hai mat phang song song (a) va (a'). Tren (a) cho da giac loi 


A\A 2 -.A n . Qua cac dinh A^A 2 , ... 
nhau va cat (a') lan Inert tai A\, A 2 , 

Hinh gom hai da giac 
A l A 2 ...A n , A\A 2 ...A' n va cac 

hinh binh hanh A\A\A 2 A 2 , 
A 2 A 2 A 2 At, , ..., A n A' n A'iA] dirpre 
goi la hinh lang tru va ki hieu la 
A x A 2 ...A n .A[A 2 ...A' n (h.2.14). 

Lang tru co day la hinh binh 
hanh dirpre goi la hinh hop. 


A n ta ve cac diremg thang song song voi 
...,A' n . 
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• Hinh chop cut 

Cho hinh chop S.A l A 2 ... A n . MOt mat 

phang khong qua dinh, song song vdi 
mat phang day cua hinh chop cat cac 
canh 5/4,, 5/^, SA n lfin loot tai 

A^, ..., A' n . Hinh tao boi.thiSt didn 

A{A^ ... A' n va day A^ ... A n cua 

hinh chop cung vdi cac ttr giac 
A l A 2 A 2 A l , A^A^A^A^, ..., A n A { A { A n 

goi la hinh chop cut, ki hi6u la 
A',/^... A^A^A" (h.2.15). 


5 




Van Je 1 


B. DANG TOAN CO BAN 


Chdfig minh hai mat phang song song voi nhau 

/. Phttong phap giai 

a) Ta cd the’ chtrng minh chung cung song song vdi mat phang thu ba. 

b) Ta chtrng minh mat phang nay chtra hai dirdng thang cat nhau cung song 
sdng vdi mat phang kia. 


2. Vidu 

Vidk Cho hinh binh hanh ABCD. Tir cac dinh A, B, C va D lan lirot ke cac nira 
dirdng thang Ax, By, Cz va Dt song song vdi nhau va khOng nam trong mat phang 
{ABCD). Chtrng minh mat phang {Ax, By) song song vdi mat phang (Cz, Dt). 

gidi 

Ta cd Cz // By nen Cz // {Ax, By) 

(h 2.16). Do ttr giac ABCD la hinh binh 
hanh nen CD // AB do do CD II {Ax, By). 

Mat phang (Cz, Dt) chtra hai dirdng 
thang cat nhau Cz, CD cung song song 
vdi {Ax, By) nen (Cz, Dt) II {Ax, By ).' 


jc t 



Hinh 2.16 



Van db 2 



Xac dinh thiet dicn Lao bdi mat phang (a) v6i mot' hinh chop khi cho biet 

9 

(a) song song vbi mot mat phang xac dinh nao do 

1. Phuong phap giai 

/ 

a) Ap dung. Khi (a) song song voi mot mat phang {ft) nao do thi (a) se song 
song voi tat ca dirong thing nim trong {ft). 

t 

b) Dd xac dinh giao tuyen cua ( a ) voi cac mat cua hinh chop, ta lam nhu sau : 

- Tim dircmg thang d nam ttong {ft). 

- Vi (a) II d n6n ( a ) cat nhung mat phang chtra d theo cac giao tuyen song 
song vdi d. 

2. Vidu 

Vi £u. Cho hinh chop S.ABCD vdi day la hinh thang ABCD c6 AD II BC, 
AD = 2BC. Goi E la trung di6m AD va O la giao di6m cua AC va BE. I la mot 
di6m di dong tren canh AC khac vdi A va C. Qua /, ta ve mat phang (a) song 
song vdi ( SBE ). Tim thiet dien tao boi (a) va hinh chop S.ABCD. 

giai 

A N, E N 2 d 
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Ta thay rang tu giac BEDC la hmh binh hanh vi : 

( 1 'i 

ED IIBC, ED = BC = -AD , (h.2.17). 

v 2 

Truong hap 1.1 thuoc doan AO va / khac O. Goi vi tri nay la I x , (a) // ( SBE ) 
nen (a) // BE va (a) // SO. 

• (a) 11 BE nen ( a) cat (ABE) theo giao tuyen M X N X di qua I x va 
M X N X II BE (M, e AB, N\ e AE). 

• (a) I I SO nen (a) cat (5/\C) theo giao tuyen S X I X di qua I x va song song 
vdi SO (S x e SA ). 

Ta co thiet dien la tam giac S x M x N)y. 

Truong hap 2.1 thuoc doan OC va / khac O. Goi vi tri nay la / 2 , ( a ) // (SBE) 
nen (a) HBEv a (a) II SO. 

• (a) U BE nen (a) cat (BEDC) theo giao tuyen M 2 /V 2 di qua h y a 
M 2 N 2 11 BE (M 2 e BC, N 2 e ED). 

• (a) II SO nen (a) cat (SOC) theo giao tuyen QI 2 di qua / 2 va song song ■ 
vdi SO (Q e SC). 

Do (a) II CD (vi CD II BE) nen (a) se cat hai mat phang (BEDC) va (SDC) 
theo hai giao tuyen M 2 N 2 , PQ ciing song song vcri CD (P G SD). 

, Ta co thiet dien la hinh thang M 2 N 2 PQ. 

Trudng hap 3.1 = 0 

Di thay thiet dien la tam giac SBE. Khi do, (SBE) = (a) (loai). 

C. CAU HOI VA BAI TAP 

V 

2.22. Cho tur dien ABCD. Goi G X ,G 2 , G 3 Mn luqt la trong tam cua cac tam giac 
ABC, ACD, ABD. Chung minh rang (GjG 2 G 3 ) // (BCD). 

2.23. Tir bon dinh cua hinh binh hanh ABCD ve bon nua dubng thang song song 
cung chifiu Ax, By, Cz va Dt sao cho chung cat mat phang (ABCD). Mot mat 
phang (a) cat bdn nua dubng thang theo thu: tu noi tren tai A', B', C' va D'. 
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a) Chung minh rang (Ax, By) // (Cz, Dt) va (Ac, Dt) II (By, Cz). 

b) Tuf giac A 'B'C'D' la hinh gi ? 

c) Chung minh AA + CC' = BB' + DD'. 

2.24. Cho hai hinh vuong ABCD va ABEF a trong hai mat phang phan bidt. Trdh 
cac ducmg cheo AC va BF lan luot la'y cac di^m M va N sao cho AM = BN. 
Cac ducmg thang song song vdi AB ve tir M va N lSn luot cat AD va AF tai 
M’ va N'. Chung minh 

a) (ADF) II (BCE). 

b) M'N’/I DF. 

c) (DEF) // (MM'N’N) va MN // (DEF). 

2.25. Cho hinh lang tru tarn giac ABC.A'B'C' c6 cac canh b6n la AA', BB’, CC’. Goi 
I va /' tuomg ung la trung diem cua hai canh BC va B’C’. 

a) Chung minh rang A1II AT. 

b) Tim giao di&n cua I A' vdi mat phang (AB'C). 

c) Tim giao tuyen cua (AB'C) va (A'BC). 

2.26. Cho hinh lang tru tarn giac ABC.A'B’C'. Goi H la trung di£m cua A'B'. 

a) Chung minh rang CB’ II (AHC). 

b) Tim giao tuyen d cua (AB'C) va (ABC). 

2.27. Cho hai hinh binh hanh ABCD va ABEF khong cung nam trong mot mat 
phang. Goi M va N la hai diem di dong tuomg umg tr6n AD va BE sao cho 

AM _ BN 

MD ~ NE 

Chung minh rang ducmg thang MN luon luon song song vdi mot mat phang 
cd dinh. Hay chi ra mat phang co dinh do. 

2.28. Cho hinh chop S.ABCD co day la hinh binh hanh ABCD, O la giao diem hai 
ducmg cheo, AC = a, BD = b, tarn giac SBD deu. Goi I la di&ii di ddng trdn 
doan AC vdi AI = x (0 < x < a). IAy (or) la mat phang di qua / va sotig song 
voi mat phang (SBD). 

a) Xac dinh thie't difn cua mat phang (or) vdi hinh chop S.ABCD. 

b) Tim didn tich S cua thiet didn a c&u a) theo a, b, x. Tim x d£ S Ion nha't. 

2.29. Cho ba mat phang (or), (ft), (f) song song vdi nhau. Hai ducmg thang a va a' cat 
ba mat phang ay theo thd tu noi trdn tai A, B, C va A', B', C'. Cho AB = 5, 
BC = 4,A'C' = 18. Tmh 66 dai A'B’, B'C'. 
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2.30. Cho tur dien ABCD. Goi / va J lan luqt la hai diem di ddng tren cac canh AD 


va BC sao cho 


IA JB 


ID JC 
mat phing co dinh. 


Chung minh rang IJ luon luon song song vdi mot 


2.31. Cho hai tia Av, By cheo nhau. Liy M, N lan luqt la cac diem di dong tren Av, 
By. Goi (a) la mat phing chua By va song song vod Av. Dudng thing qua M 
va song song vdi AB cat (a) tai M'. 

a) Tim tap hop diem M'. 

b) Goi / la trung didm cua MN. Tim tap hop cac di&n / khi AM = BN. 


§5. PHEP CHIEU SONG SONG. 

HINH BIEU Dl£N CUA MOT HINH KHONG GIAN 

A. CAC KIEN THlTC CAN NHCI 

I. PHEP CHI^U SONG SONG 

Cho mat phang (a) va dufcmg thang A cat (a). Vdi m6i diem M trong khong 
gian, ducfng thang di qua M va song song hoac trung vdi A cat (a) tai diem M' 
xac dinh. 

Diem M' dtrqc goi la hinh chieu song song cua diem M tren mat phang (a) 
theo phtrdng A. 

Mat phang (a) dtrqc goi la mat phang chieu, phurong cua dufdng thang A durpc 
goi la phuong chieu. 

Phdp dat tuong ung mdi diem M trong khdng gian vdi hinh chid'u M' cua.no 
trdn mat phang (a) duqc goi la phep chieu song song len (a) theo phuong A. 

II. CAC TINH CHAT CUA PHEP CHlfiU SONG SONG 

1. Phep chid'u song song bien ba di^m thang hang thanh ba diem thang hang 
va khong lam thay d6i th£r tu ba di^m do. 

2. Phep chieu song song bid'n dudng thing thanh dudng thang, bien tia thanh 
tia, biin doan thing thanh doan thing. 
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3. Phep chii'u song song bien hai dudng thang song song thanh hai dudng 
thang song song hoac trung nhau. 

S 1 w 

4. Phep chieu song song khdng lam thay doi ti so do dai cua hai doan thang 
nam trin hai dudng thang song song hoac cung nam trin mot dudng thang. 


III. HINH BIEU DlfeN CUA MOT SO HINH KHONG GIAN 

TREN MAT PHANG 

1. Mdt tarn giac bat ki bao gid cung co the coi la hinh bieu diin cua mot tarn giac 
tuy y cho trudc (co thd’ la tarn giac ddu, tarn giac can, tarn giac vuong ...). 

2. Mot hinh binh hanh bat ki bao gid cung co th6 coi la hinh bieu di6n cua mot 
hinh binh hanh tuy y cho trudc (co the la hinh binh hanh, hinh vudng, hinh 
chunhat, hinh thoi...). 

3. Mot hinh thang bat ki bao gid cung co the coi la hinh bieu di6n cua mot 
hinh thang tuy y cho trudc, mi6n la ti sd dd dai hai day cua hinh bieu diln 
phai bang ti sd do dai hai ddy cua hinh da cho. 

4. Ngudi ta thudng dung hinh elip de bidu diin hinh tron. 


Van <Je 


B. DANG TOAN CO BAN 

■ 


Ve hinh bieu dien cua mot hinh cho inroc 


1. Phuang phap giai 

a) Xac dinh cdc yeu to song song cua hinh 

b) Xac dinh ti sd diim M chia doan AB. 

c) Hinh la hinh bieu diin cua hinh phai co tinh chat 

- Bao dam tinh song song tren hinh 

- Bao dam ti sd cua diem M chia doan AB. 


2. Vidu 

Td' du 1. Chung minh rang trong tarn G cua tarn giac ABC co hinh chieu song 
song la trong tarn G’ cua tarn giac AB'C', trong do A'B'C' la hinh chieu song 
song cua tarn giac ABC. 
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joi / la trung diem cua canh AB. 

Hii.n chieu /' cua / la trung 
diem cua A’B' (h.2.18). 

G e Cl nen 6 e CT ; 

GC „ G'C' 

-= 2 nen 

Gl 


gidi 


-= 2 nen-= 2. 

GY G'l' 

, Vay G' la trong tarn tarn giac /4'fi'C' 



Hinh 2.18 


‘Vidu 2. Hinh thang co the la hinh bieu dien cua hinh binh hanh khong ? 

gidi 

Hinh thang khbng the la hinh bi6u difin cua hinh binh hanh vi hai canh ben 
cua hinh thang khbng song song trong khi do cap canh db'i cua hinh binh hanh 
thi song song. 


C. CAU HOI VA BAI TAP 

■ 

2.32. Hinh chieu song song cua hai ducmg thang cheo nhau co the song song vdi 
nhau hay khbng ? Hinh chie'u song song cua hai dirdng thang cat nhau co 
song song vdi nhau hay khbng ? 

2.33. Trong mat phang (a) cho mot tarn giac ABC bat ki. Chung minh rang co the 
xem tarn giac ABC la hinh chieu song song cua mot tarn giac deu nao do. 

V 

2.34. Ve hinh bieu diSn cua mot hinh luc giac deu. 

2.35. Hay ve hinh bieu di6n cua mot duong tron cung vdi hai dubng kfnh vuong 
goc cua ducmg tron do. 

2.36. Hay chon phep chieu song song vdi phuong chieu va mat phang chieu 
thich hofp de hinh chieu song song cua mbt tti dien cho trudc la mbt hinh 
binh hanh. 
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CAU HOI VA BAI TAP ON TAP CHl/ONG II 

• • 


2.37. Trong mat phing (a) cho tam giac ABC . Tit ba dinh cua tam giac nay ta ke 
cac nira dubmg thing song song cung chibu Ax, By, Ct khong nim trong (a). 
Tren Ax lay doan AA' = a, tren By lay doan BB' - b, tren Cz lay doan CC' = c. 


a) Goi I,JvaK lin luqt la cac giao dibm B'C', C'A'vaA'B' v6i (or). 


Chumg mirth ring 


IB JC KA 
IC JA KB 


b) Goi G va G' lan lirot la trong tam cua cac tam giac ABC va A'B'C'. 


Chumg mirth : GG' II AA'. 

c) Ttnh GG' theo a, b, c. 


2.38. Cho td dien ABCD va di^m M nam trong tam giac BCD. 

a) Dung dubmg thing qua M song song vdi hai mat phing (ABC) va (ABD). 
Gia su dubmg thing nay cit mat phing (ACD) tai B'. 

Chumg minh ring AB', BM va CD dong quy tai mot diem. 

■ u MB' dt(AMCD) 

b) Chung mirth-=- 

BA dt(ABCD) 

c) Dubmg thing song song vbi hai mat phing (ACB) va (ACD) ke tir M cit 
(ABD) tai C’ va dubmg thing song song vbi hai mat phing (ADC) va (ADB) 
ke tir M cit (ABC) tai D'. Chumg minh ring 

MB' MC' MD' , 

BA CA DA 


2.39. Tir cac dinh cua tam giac ABC ta ke cac doan thing AA', BB', CC' song song, 
cung chibu, bing nhau va khong nim trong mat phing cua tam giac. Goi I, G 
va K lbn luqt la trong tam cua cac tam giac ABC, ACC' va A'B'C'. 

a) Chumg minh (IGK) // (BB’C’C). 

b) Chumg minh ring (A’GK) II (AIB'). 

2.40. Cho hinh hop ABCD.A’B’C'D'. Goi M va N lan luqt la trung diem cita hai 
earth ben AA' va CC'. Mot diem P nim tren canh bbn DD 

a) Xac dinh giao dibm Q cita dubmg thing BB' vci mat phing (MNP). 
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b) Mat phang (MNP) cat hinh hop theo mot thiet dien. Thiet dien do co tmh 
chat gi ? 

c) Tim giao tuyen cua mat phang (MNP) vdi mat phang (ABCD) cua hinh hop. 

2.41. Cho hinh hop ABCD.A'B'C'D'. Hai diem Mva/V lan lurot nam tren hai canh 

An ' . AM CN 

AD va CC sao cho —— =- - ■ 

MD NC' 

a) Chung minh rang ducmg thang MN song song vdi mat phang ( ACB'). 

b) Xac dinh thidt didn cua hinh hop cat bdi mat phang di qua MN va song 
song vdi mat phang (ACB/). 

2.42. Cho hinh lang tru ttf giac ABCD.A'B'C'D'. 

a) Chung minh rang hai dtrcmg cheo AC' va A'C cat nhau va hai duong cheo 
BD ' va B'D cat nhau. 

b) Cho EvaF lSn luqt la trung dilm cua hai ducmg cheo AC va BD. 

Chung minh MN - EF. 

2.43. Cho hai mat phang (a) va (y 8) cat nhau theo giao tuyen m. Trdn duong thang 
d cat (a) a A va cat (J3) b B ta lay hai diem co dinh Sj, S 2 khong thudc (a), 

(i6). Goi M la m6t di^m di ddng tren (fi ). Gia sur cac ducrng thang MSy, MS 2 
cat (a) lan luot tai Mj va M 2 . 

a) Chirng minh rang MjM 2 ludn luon di qua mOt di|m cd dinh. 

b) Gia sir ducmg thang M\M 2 cat giao tuyen m tai K. Chung minh rang ba 
didm K, B, M thang hang. 

c) Goi b la mot ducmg thang thuoc mat phang (/3) nhung khong di qua diem 
B va cat m tai I. Chung minh rang khi M di ddng tren b thi cac diem M x va 

M 2 di ddng tren hai ducmg thang co dinh thuoc mat phang (a). 

2.44. Cho hinh lap phucmg ABCD.A'B'C’D' va cac trung didm E, F cua cac canh 
AB, DD'. Hay xac dinh cac thiet dien cua hinh lap phuong cat bdi cac mat 
phang (EFB), (EFC), (EFC) va (EFK) vdi K la trung diem cua canh B'C'. 
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CAU HOI TRAC NGHIEM 


2.45. Cac yeu to nao sau day xac dinh mot mat phang duy nha't ? 

(A) Ba diem ; (B) Mot di6m va mdt dufrng thang ; 

(C) Hai ducmg thang cat nhau ; (D) Bon diem. 

2.46. Cho hai ducmg thang a va b. Dieu kien nao sau day du de ket luan a va b 
cheo nhau ? 

(A) a va b khong co die’m chung ; 

(B) o va b la hai canh cua mot hinh tur dien ; 

(C) a va b nam tren hai mat phang phan biet; 

(D) a va b khong cung nam tren bat ki mat phang nao. 


2.47. Cho tarn giac ABC, lafy diem I tren canh 
AC keo dai (h.2.19). Cac menh de nao 
sau day la menh d6 sai ? 

(A) A e {ABC ); 

(B) / g (ABC ); 

(C) (ABC) = (BIC) ; 

(D) BI (Z (ABC). 



2.48. Cho tarn giac ABC. Co the xac dinh duoc bao nhieu mat phang chura tat ca 
cac dinh tarn giac ABC ? 

(A) 4; (B) 3 ; (C) 2 ; (D) 1. 

2.49. Trong khong gian cho bon di6m khong dong phang, co the xac dinh nhieu 
nhat bao nhieu mat phang phan biet tit cac diem do ? 

(A) 6 ; (B) 4 ; (C) 3 ; (D) 2. 


2.50. Cho hinh chop S.ABCD vdi day la tur giac ABCD co cac canh ddi khong song 
song. Gia su AC n BD = O Va AD n BC = I. Giao tuy6'n cua hai mat phang 
(SAC) va (SBD) la : 

(A) SC ; (B) SB ; (C) SO ; (D) SI. 

2.51. Cho hinh chop S.ABCD vdi day la tur giac ABCD. Thie't dien cua mat phang 
(a) tuy y vdri hinh chop khong th6 la 

(A) Luc giac ; (B) Ngu giac ; 

(C) Td giac ; (D) Tam giac. 
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2.52. Cho hinh lap phuofng ABCDA'B'C'D'. Co bao nhieu canh cua hmh lap 
phuofng cheo nhau vdi dufrng cheo AC' cua hinh lap phuofng ? 

(A) 2; (B) 3 ; (C) 4 ; (D) 6. 

2.53. Cho hai ducmg thang phan biet a va b trong khdng gian. Co bao nhieu vi trf 
tuomg doi giua a va bl 

(A) 1 ; (B) 2 ; (C) 3 ; (D) 4. 

2.54. Cho hai ducmg thang phan biet cung nam trong mot mat phang. Co bao nhieu 
vi tri tuomg doi giua hai ducmg thang do ? 

(A) 1 ; (B) 2 ; (C) 3 ; (D) 4. 

2.55. Cho tur dien ABCD. Goi M, N, P, Q, R, S lan lucft la trung diem cac canh AC, 
BD, AB, CD, AD, BC. Bon diem nao sau day khdng dong phang ? 

(A) P, Q,R,S \ (B) M, P, R, S ; 

(C) M, R,S,N; (D) M, N, P, Q. 

2.56. Trong cac menh de sau day, menh de nao dung ? 

(A) Hai ducmg thang lan lucft ndm tren hai mat phang phan biet thi cheo nhau ; 

(B) Hai ducmg thang khong co diem chung thi cheo nhau ; 

(C) Hai ducmg thang cheo nhau thi khong co diem chung ; 

(D) Hai ducmg thang phan biet khong song song thi cheo nhau. 

2.57. Cho hai ducmg thang a va b cheo nhau. Co bao nhieu mat phang chira a va 
song song vdi b ? 

(A) V6 sd ; (B) 2 ; (C) 1 ; (D) Khong c6 mat phang nao. 

2.58. Cho ttr dien ABCD. Diem M thuoc doan AC. Mat phang (or) qua M song 
song vori AB va AD. Thiet dien cua (a) vdi tur dien ABCD la : 

(A) Hinh tarn giac ; (B) Hinh binh hanh ; 

(C) Hinh chu nhat; (D) Hinh vuong. 

2.59. Cho cac gia thiet sau day. Gia thiet nao ket luan ducmg thang a song song vdi 
mat phang (a) ? 

(A) all bvab // (a) ; (B) a n (or) = 0 ; 

(C) a // bvab c (a ); (D) a // ( J3 ) va ( J3 ) // (or). 

2.60. Trong cac menh de sau day, tim menh de dung. 

(A) Neu (a) H (J3) va a c (a), b c (/?) thi allb\ 


6.BT.HINHHOC11(C)-A 
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(B) Neu a // (a) va b // (/?) thi a // b ; 

(C) Neu (or) // (/?) va a c (a) thi a // (/?); 

(D) Neu a // bva a a (a), b c (/?) thi (a) // (/?). 

2.61. Trong khbng gian, cho hai mat phlng phan biet (a) va (/3). Co bao nhieu vi 
tri tircrng doi giOa (a) va (/?) ? 

(A) 1 ; (B) 2 ; (C) 3 ; (D) 4. 

2.62. Cho hinh chop S.ABCD co day la hinh binh hanh ABCD. Giao tuyen cua hai 
mat phlng (SAD) va (SBC) la dircmg thing song song vcri dircfng thing nao 
sau day ? 

(A) AC; (B) BD ; (C) AD ; (D) SC. 

2.63. Cho hinh chop S.ABCD co day la hinh binh hanh ABCD. Gia sir M thuoc 
doan thing SB. Mat phlng (ADM) clt hinh chop S.ABCD theo thiet dien 
la hinh 

(A) Tam giac ; (B) Hinh thang ; 

(C) Hinh binh hanh ; (D) Hinh chu nhat. 

2.64. Cho tir dien ABCD. Gia sir M thubc doan BC. Mot mat phlng (a) qua M 
song song vdi AB va CD. Thiet dien cua (a) va hinh td dien ABCD la 

(A) Hinh thang ; (B) Hinh binh hanh ; 

(C) Hinh tarn giac ; (D) Hinh ngu giac. 

hi/6ng dAn giai va dap so 


§1. DAI CUONG VE DUONG THANG VA MAT PHANG 


2.1. a) Nhan xet: 

Do gia thiet cho IJ khong song song v6i CD va chung ciing nlm trong mat 
phlng (BCD) nen khi keo dai chung gap nhau tai m6t diem (h.2.20). 

Goi K = IJ n CD. 

Ta co : M la diem chung thu - nhat ciia (ACD) va (IJM ); 


K G IJ 

Ke (MIJ) 

{IJ c (MIJ) 


va 


\KeCD 
{CD c (ACD) 


Ke (ACD). 
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6.BT.HINHHOCll(C)-B 


Vay (MIJ) n ( ACD) = MK. 


b) Vdri L = JN 
fLeJN 
[y/V c (MNJ) 


n AB, ta c6 : 
=> Le (MNJ) 


(Le 

c (/\BC) 


=> Le {ABC). 


Nhu vay L la diem chung thur nhat 
cua hai mat phang ( MNJ) va (ABC). 

Goi P -JL n AD, Q = PM n AC. 


OePM 

Ta co : => £>e (MNJ) 

(PMc(MNP) 


va 


(QeAC 

(ACc(ABC) 


=> £?e (ABC) 



nen Q la diem chung thi} hai cua (MNJ) va (ABC). 
Vay LQ = (ABC) n (MNJ). 


2.2. a) Ta co ngay S, M la hai diem chung cua 
(SBM) va (SCD) nen (SBM) n (SCD) = SM 
(h.2.21). 

b) M la di£m chung thd nha't cua (AMB) va (SCD). 
Goi / = AB n CD. 

Ta co : / e AB => / e (ABM). 

Mat khac IeCD^Ie (SCD) 
n6n (ABM) n (SCD) = /M. 

c) Goi J - IM n SC. Ta co : J e SC => J e (S/4C) 
va 7 e IM => y e (ABM). Hien nhien /4 e (S/4C) 
va Ae (ABM), vay (S/4C) n (ABM) =AJ. 

2.3. a) Goi N = DK n /\C ; M = DJ n BC (h.2.22). 
Ta co (DJK) n (ABC) = MN => MN c (ABC). 


5 



Vi L = 04fiC) n y/T nen de tha'y L-JKn MN. 
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b) Ta co / la mpt diem chung cua (ABC) va (IJK). 

Mat khac vi L = MN n JK ma 
MN c (ABC) va JK c (IJK) nen L la 
diem chung thu: hai cua (ABC) va 
(IJK), suy ra (IJK) n (ABC) - IL. 

Goi E = IL n AC ; F = EK n CD. U b, 
luan tuofng tu ta co EF = (IJK) n (ACD). 

Noi FJ cat BD tai P ; P la mot giao 
diem (IJK) va (BCD). 

Ta co PF = (IJK) n (BCD) 

va IP = (ABD) n (IJK). 

lA.Nhan xet. Tren hinh ve 2.23 khong co 
sSn ducfng thang nao cua mat phang 
(MNK) cat AD. Ta xet mat phang chtia / 

AD chang han (ACD) roi tim giao / 
tuyen A cua (ACD) vcfi (MNK). Sau / 
do tim giao diem I cua A va AD, I 
chmh la giao di6m phai tim. \ 

Goi L = NK n CD. N 

Ta co L g NK => L e (MNK) 

L g CD => Le (ACD) 

nen ML = (ACD) n (MNK) = A. 

A n AD = I => I = (MNK) n AD. 

2.5. Ta ldn luot tim giao diem cua mat 
phang (MNP) vdi cac ducfng thang 
chtra cac canh cua hinh chop (h.2.24). 

Goi I = MN n SB. 
f/G MN 

Taco-^ =>Ie(MNP). 

{.MN(Z(MNP) 

Vay / = SB n (MNP). 

Tir do, lam tucfng tu ta tim dupe giao 
diem cua (MNP) vdi cac canh con lai. 

Cu the : 



84 




Goi J = IP n SC, ta co J = SC n (MNP). 
Goi E = NP n CD, ta co E = CD n (MNP). 
Goi K ~JE r\ SD, ta co K = SD n (MNP). 

2 . 6 . Goi O - AC n BD | 

K -SO n AM ; 

L- BD r\ AN ; ^ 

P = KL n SD (h.2.25). 

Ta co P = SD n (AMN). 

Nhan xet. Trong each giai tren, ta lay 
(SBD) la mat phang entra SD, roi tim 
giao tuyg'n cua (SBD) vciri (AMN). Tit 
do tim giao di6m cua giao tuyen nay 
va SD. 

2.1. Ta co / = DE n AB 

DE c (DEF) ^ / e (DEF) 

AB c (ABC) ^ I e (ABC) (h.2.26). K< 

Li luan tirong tu thi J, K cung lan lupt 
thuoc v6 hai mat phang tren nen I, J, K 
thude ve giao tuyen cua (ABC) va 
(DEF) nen I, J, K thang hang. 


2.8. a) I, A', B' la ba diem chung cua hai 
mat phang (OAB) va (/J) nen chung 
thang hang (h.2.27). 

b) I, J, K la ba di£m chung cua hai 
mat phang (ABC) va (A’B'C') nen 0. 
chung thang hang. 

2.9. Hucmg dan 

a) S, /, J, G la diem chung cua (SAE) va (SBD) 

b) S, K, L la diem chung cua (SAB) va (SDE) 



§2. HAI Dl/ONG THANG CHEO NHAU 
VA HAI DUONG THANG SONG SONG 

2.10. a) (h.2.28). 

fSG(SAC) 

Taco: => Se (SAC)r^(SBD). 

[S e (SBD) 

f Oe (SAC) 

Gia sir: AC n BD = 0 => \ 

[Og (SBD) 

=> 0 G (SAC) n (SBD) 

=> (SAC) n (SBD) - SO. 

B 

b) Ta co : i ^ ^ => Sg (SAB)r^(SCD). Hinh 2.28 

[S G (SCD) 

AB c (SAB) 

Ta lai co < CD c (SCD) => (SAB) n (SCD) = S* va S* // AB II CD. 
AB/ICD 

c) Lap luan tirong tur cau b) ta co (SAD) n (SBC) = Sy va Sy II AD H BC. 



2 . 11 . 


[Me AB 
[N g AC 


=> MN c (ABC) (h.2.29). 


Trong tam giac ABC ta co : 


AM 

AB 


= - =>MN // BC. 

AC 


Hi£n nhi6n De (DBC)r\(DMN) 


BC c (DBC) 
MN c (DMN) 
BC//MN 



=> (DBC) n (DMN) = Dx va Dx II BC II MN. 


Hinh 2.29 


2.12. a) \ Me {MU) Me (MIJ)r^(ABD) (h.2.30) 

[Me AD=> Me(ABD) 
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Ta cung co : 


IJ I I AB 
< IJ c ( MIJ) 
AB c (ABD). 


=> (MIJ) n (ABD) =d = Mt 
va Mt II AB II IJ. 


b) Ta co Mt // AB => Mt n BD = N 

[KeIN 

IN n JM = K => ^ 

[KeJM. 

Vi K g IN => K G (BCD) 


A 



va K £ JM => K e (ACD). 

Mat khac (BCD) n (ACD) = CD do do K £ CD. Do vay K nam tr6n hai nua 
dtfdng thang Cm va Dn thuoc dirdng thang CD. (De y rang neu M la trung 
di^m cua AD thi se khong co diem K.) 


, K£ (ABK) 

c) Ta co : K£ (ABK)n(MIJ) 

K£ IN=>K £ (MIJ) 


ma < 


AB c (ABK) 

IJ c (MIJ) => (ABK)n(MIJ) = Kx va Kx II AB II IJ. 
AB//IJ 


2.13. Trong tam giac ABC (h.2.31) ta co : 

AC 

MPII AC va MP - —• 

2 

Trong tam giac ACD ta co : 

AC 

QNII AC va QN = — 


Tir do suy ra 



Hinh 2.31 


• D 


[MP I I QN 
[MP = QN 

=> tur giac MPNQ la hinh binh hanh. 

Do vay hai dubng cheo MN va PQ cat nhau tai trung diem O cua m6i dudng. 
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Tirana tir: PR II QS va PR = QS = - 

2 

Do do tir giac PRQS la hinh binh hdnh. 

Suy ra hai dirdng cheo RS va PQ cat nhau tai trung diem O cua PQ va 
OR = OS. 

Vay ba doan thang MN, PQ va RS cat nhau tai trung diem m6i doan. 


2.14. Goi K trung diem cua AB (h.2.32). 

Vi / la trong tarn cua tarn giac ABC nen 
/ e KC va vi J la trong tarn cua tarn giac 
ABD nen J e KD. 

Tir do suy ra — = — = - => IJII CD. 
KC KD 3 

2.15. a) (h.2.33). 

Ta co : / e (SAD) => / e (SAD) n (IBC). 


A 




AD//BC 
AD c (SAD) 
BC-a (IBC) 


=> (SAD) n (IBC) = PQ 


Hinh 2.32 


Vay 


va PQ II AD 11 BC. (1) 

Ttrong tir: J e (SBC) => / e (SBC) h (JAD). 
AD//BC 

AD c (JAD) => (JAD) n (SBC) = MN 
BC c (SBC) 

va MN II BC HAD. (2) 

Tir (1) va (2) suy ra PQ II MN. 
b) Ta co : 

' Ee (AMND) 

Ee(PBCQ) 


E = AM n BP 


F = DN n CQ 


F g (AMND) 
F e (PBCQ). 



Hinh 2.33 
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Do do : EF = ( AMND ) n ( PBCQ ). 


Ma < suy ra EF II AD IIBC IIMN IIPQ. 

[MN//PQ y 

Tfnh EF . CP n EF = K => EF = EK + KF 

EK PE 


EK II BC 


PM IIAB 


BC PB 

PE _ PM 
EB~ AB 

w> PM SP 2 PE 2 

Ma = — = — suy ra = — • 

AB SA 3 EB 3 


(*) 


TCr (*) suy ra 


EK PE 


PE 


1 


1 


BC PB PE + EB EB 


i + i 

PE 2 


= — => EK 


Tirong tu ta tfnh ducrc KF = —a. 

VSy : EF = —a + — b = —(a + b).' 
5 5 5 


§3. DUONG THANG VA MAT PHANG SONG SONG 

2.16. Goi / la trung diem CD (h.2.34). 

Vi Gj la trong tarn cua tam giac ACD nen Gj e AI. 

Vi G 2 la trong tam cua tam giac BCD nen G 2 e BI. 


Ta co: < 


IG \ _ 1 


1A 

IG 


IG \ _ IG 2 


2 _ 


1 


1A IB 


GjG 2 // AB. 


I IB 3 
AB c (A6C) => GjG 2 // (A6C) 

vaAB c (ABD) => GjG 2 // (ABD). 





2.17. a) Ta co : 00'!! DF (duomg trung binh cua tam giac BDF) (h.2.35) 
Vi DF c {ADF) => 00’//(ADF). 

Tirong tu 00' II EC (diromg trung binh cua tam giac AEC). 

Vi EC c {BCE) n6n 00'// (BCE). 

b) Goi I la trung diem cua AB ; 

Vi M la trong tam cua tam giac ABD n6n M € DI. 

Vi N la trong tam cua tam giac ABE nen N € El. 


Ta co : < 


ID~ 3 
IN__l 
IE ~ 3 


Ma 


CD//AB 
CD = AB 
EF//AB 
EF - AB 


IM _ IN 
ID ~ IE 


MN//DE 


n6n CD // EF va CD = EF, suy ra 
td giac CDFE la hinh binh hanh. 


f. MN//DE 
\DE-<z(CEF) 


MN//(CEF). 



2.18. a) D6 tha'y S la m6t didm chung cua 
hai mat phang {SAD) va {SBC) (h.2.36). 


Ta co : 


AD c {SAD) 
< BC c {SBC) 
AD//BC 


=> {SAD) n {SBC) =Sx 

va Sx!! AD II BC. 

b) Ta co : MN // IA // CD 

AM IN 1 
AD ~ IC _ 3’ 



Hinh 2.36 
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v IG 1 _ IG 

ma — - — (G la trong tarn cua A SAB) n6n — 

SC c (SCD) => GN // (SCD). 

c) Gia sir IM cat CD tai K => SK <z (SCD) 


IN 1 


IC 3 


= - => GN II SC 


MN II CD 


MN__IN__l IM _ 1 
CK ~lc~ 3 ^ IK ~ 3 


Ta co : 


— = 1 
IS ~ 3 

IK ~ 3 


GM//SK => GM//(SCD). 


2.19. a) Goi // la trung diem cua SC (h.2.37). 


v , DG 2 
Ta co : -= — 

Dtf 3 



Hinh 2.37 


Dr ,.. An OD OA AD / / \ 

BCII AD => -=-=-= 2 * / / /\ / \ 

OB OC BC V;."""/ / ''V/' 

^>0D = 20B \ /' / ' )/ 

^ BD~ 3 ' -c 

Tir(l)va(2)^ = ^OG//*/C Hinh237 

DH BD 

BH c (SflC) => OG // (SflC). 

/in 

b) Goi M' la trung diem cua SA => MM' // AD va MM' = -Mat khac vi 

AD 

BC 11 AD va AC = — nen BC // MM' va BC = MM'. 

Do do tur giac BCMM' la hinh binh hanh => CM IIBM’ maM'c (SA5) 

=>CM II (SAB). 

, OC \ OC \ 3 Cl 1 

c) Ta co :-= — nen-= — ■ Mat khac vi SC - — SI nen — = - 

OA 2 CA 3 2 CS 3 
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oc 

=>- 

CA 


— => 01 USA. 

cs 


01 c (BID) => SA 1! (BID). 


\(a)IIAB 
' a [AB(z(ABC) 

=> (a) n(ABC) = MN va MN // AB. 

Taco We (BCD) (h.2.38) 

. f (a) II CD 
va i 

[CD c (BCD) 

nen (a) n (BCD) - NP va NP // CD. 
Taco P 6 (ABD) 


A 



C 

Hinh 2.38 


va 


J(«)//A5 
c (ABD) 


ne n (a) n (ABD) = PQ va PQ // AB. 


[ Qe(ACD) 

' nen (a) n (ACD) = MQ va MQ // CD. 

[(a)//CD 

Do do MN H PQ va NP // MQ. Vay tur giac MNPQ la hinh binh hanh. 
b) Ta co : MP n NQ = O. Goi / la trung diem cua CD. 

Trong tam giac ACD co : MQ // CD =>/4/ cat MQ tai trung di£m E cua MQ. 
Trong tam giac BCD co : NP // CD => BI cat NP tai trung diem F cua NP. 

[ EF//MN ■ 

Vi MNPQ la hinh binh hanh nen ta co \ 

[Ola trung di6m EF. 

EF // MN => EF // AB. 

Trong AAfi/ ta co EF H AB suy ra : 10 cat AB tai trung di£m J 
=> 1,0, J thang hang 
=> O e IJ c6 dinh. 

Vi M di dong tr6n doan AC n6n O chay trong doan IJ. Vay tap hop cac diem 
O la doan IJ. 
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2.21. a) Vi M g (SAB) (h.2.39) 
. {(a)//SA 


va •; ntn (a)n(SAB)- MN va MN//SA. 

SA a (SAB) 


Vi Ne (SBC, 
f( a)HBC 

vhV n (or) n (SBC) = NP 

[5C c (SBC) 


(1) 

(a)n(SCD) = PQ. 



D 


Hinh 2.39 


va NP IIBC 

P, Q G (a) 

P, Q e (SCD ) 

Qe CD => Qe (ABCD) 

\(a)HBC 

va f ne n (a) n (ABCD) = QM 

[BC c (ABCD) 

va QM II BC (2) 

Tir (1) va (2) suy ra tur giac MNPQ la hinh thang. 

SE(SAB)n(SCD). 

b) Ta co : \ AB c (SAB), CD c (SCD) => (SAB) n (SCD) = Sx va & II ABU CD. 
ABU CD 


MN c^PQ = I 


Ie MN 
IE PQ. 

MN c (SAB) => / G (SAB), PQ c (SCD) => / G (SCD) 

=>/g (&4fi)n(SCD) 

(SAB) va (SCD) c6 dinh => Sx co dinh => / thudc Sx co dinh. 


/ G Sx. 


§4. HAI MAT PHANG SONG SONG 

2.22. Goi /, J va K Mn luot la trung di^m cua cac canh BC, CD va BD. 
Theo tfnh chat trong tarn cua tarn giac ta co : 
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AGy AG 2 /4G 3 2 

~aT~ AJ - AK "3 

=> GjG 2 //■// (h.2.40). 

/y c (BCD) => GjG 2 // (BCD). 
Tirofng ttf ta co G 2 G 3 // (BCD). 
GiG 2 ,G 2 G3 c (GiG 2 G 3 ) 

=> (GjG 2 G 3 ) // (BCD). 

Ax// Dt 



D 


2.23. a) Ta co : 


Dt<z(Cz,Dt) 


Hinh 2.40 



Tur (1) va (2) suy ra tir giac A'B'C'D' la hinh blnh hanh. 

c) Goi O, O' lan lirot la tarn cac hinh binh hanh ABCD, A'B'C'D’. Di th&'y 00' 

AA' + CC' 

la dirbfng trung binh cua hinh thang AA'CC, suy ra 00' =--- 


Tirofng tir ta co : 00' = ^ + DD + _ gg. + £)£)'. 
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2.24. a) 


[adhbc 

[BC c (BCE) 


AD II (BCE) 


\AF II BE 
c (BCE) 


=> AFII (BCE) 


Ma AD, AF c (ADF) 
nen (ADF) II (BCE) (h.2.42). 


b) Vi ABCD va ABEF la cac hinh 
vuong nen AC = BF. Ta c6 : 


MM'II CD 

NN’I/AB 


AM' _ AM 
AD ~ AC 
AN' _ BN 
AF ~~BF 


(1) 

( 2 ) 


So sanh (1) va (2) ta duroc 


AM' _ AN' 
AD ~ AF 


F E 



Hinh 2.42 


^ M’N'/IDF. 


c) Tit chumg minh tren suy ra DFII (MM’N'N) 


NN'I/AB^NN'I/EF' 
NN' (z(MM'N'N) 


>=> EFII (MM’N’N). 


Ma DF, EF c (DEF) nen (DEF) // (MM’N'N). 

Vi MN c (MM'N'N ) va (MM'N'N) // (DEF) nen MNII (DEF). 


2.25. a) Ta co II’ IIBB’ va II’ = BB’. 

Matkhac AA’IIBB’ va AA’ = BB’nen : 


AA’/I //' va AA' = //' 

=> AATI la hinh binh hanh 
=> All! AT (h.2.43). 


b) Ta co 


\Ae(AB'C') 
[Ae (AA'I'I) 


=> A e (AB'C') n (AA'I'I). 


Tuong tir: 


U'eB'C' 
j/'e (AA77) 


=> /'e (AB'C') 


A’ C’ 



95 







^ re {AB'C') n (AA'/Y) =* {AB'C') n (AA'/Y) = A/'. 

{Eg I A' 

Dat A/' n A Y = £. Ta c6 : J ™,=> £ e (^C 7 ). 


Vay E la giao diem cua A'l va mat phang {AB'C'). 

M e {AB'C') 
Me{A'BC). 

N e {AB'C') 


c) Ta co : A 'B n AB' = M 


Tirang tir: AC' n A'C = N 


Vay {AB'C') n {A'BC) = MN. 


N e {A'BC). 


2.26. a) Ta co tir giac AA'C'C la hinh binh 
hanh (h.2.44) suy ra A'C cat AC' tai 
trung diem / cua m6i ducmg. 

Do do IH II CB' (ducmg trung binh cua 
tarn giac CB'A'). 

Mat khdc IH c {AHC) nen CB' // {AHC'). 

Ae {AB'C') 

Ae {ABC) 

A la diem chung cua {AB'C) va {ABC), 

B'C’HBC 
B'C'd{AB'C) 

BC c {ABC) 


b) Ta co: 


ma I 


nen {AB’C') n {ABC) =AxvaAx // BC // B’C, 

2.27. Trong mat phang (AD/ 7 ), ke ducmg 
thang MP // DF {P e AF). 

~ , AP AM BN 

Ta co- --=-(h 2 45i 

PF MD NE ^ 

nen PN // FE. Do do {MNP) // {DEF). 

Vay MN song song vdd mat phang 
{DEF) co dinh. 




Hinh 2.45 
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2.28. a) Trudng hap 1. 

/ thuoc doan AO (0 < x <—) 

2 

Khi do / a vi trf /, (h.2.46). 

Taco : ( a) II (SBD) 

^ Ua)//BD 
^ \{a)HSO 

Vi (a) // BD nen (a) cat 
(ABD) theo giao tuyen 
MjNj (qua /j) song 

song v6i BD. 

Tuong tu (a) // SO nen 
(a) cat (SOA) theo giao 
tuyen Sj/j song song 

v6i SO. 

Ta co thiet dien trong trudng hop nay la tam giac SjMj/Vj . 

Nhan xet. D6 thay rang SjMj USB va Sj/Vj USD. Luc do tam giac S^M l N l deu. 

Trudng hap 2. / thuoc doan OC ( — <x< a) 

Khi do / a vi tri I 2 . Tuong tu nhu trudng hop 1 ta co thiet dien la tam giac deu 
S 2 M 2 N 2 co M 2 N 2 II BD , S 2 M 2 II SB, S 2 N 2 USD . 

Truong hop 3.1 = 0 : Thiet dien chfnh la tam giac d6u SBD. 
b) Ta lan luot tim dien tich thiet dien trong cac trudng hop 1,2,3. 

Trudng hop 1. / thudc doan AO (0 < x < — ) 

2 


S S l M l N l _f 


’SBD 




BD 


'2x' 2 


4x 


a 


2 S SBD 


\ a ) 

4x 2 b 2 S b 2 x 2 4 3 


a 


a 


7.BT.HlNHHOC11(C)-A 
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a 


Truong hap 2. / thuoc doan OC (— <x<a) 

2 


s 2 m 2 n 2 _ 

S SBD 


' Mh, 

BD 


\2 


2{a-x) 


~\2 


a 


} S 1 M 0 N 1 ~ 2 

z z z a 


( a-x) 


2 fcV3 b 2 yj 3 


(a-^y 


a 


Truong hop 3.1 =0 

„ b 2 S 

*SBD ~ a 


Tom lai S thi&dUn =< 


b 2 x 2 S 

a 2 

b 2 J 3 
4 

6 2 V3 


(o-jcy 


a 


a 


neu 0 < ^ < — 
2 


a. 

neu „r = — 
2 


^ a 

neu — < x < a. 
2 


c) Do thi cua ham so 5 theo bien ;t nhir sau : 



Hinh 2.47 


V?y S thietdien 


lcm nha't khi va chi khi x = 


a 

2 
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voti CD cat AC tai H, ta c6 : 
HA IA 


Mat khac 


HC ID 
IA JB 


(h.2.49). 


n6n 


ID JC 
HA JB 


HC JC 
Suy raHJI/AB. 

Nhir vay mat phang (IJH) song song 
vcri AB va CD. 

Goi (a) la mat phang qua AB va song song vciri CD, ta c6 

Ua)//(IJH) 

{IJ c (IJH) 

Vay IJ song song vcri mat phang (a) c 6 dinh. 



IJH (a). 


D 


2.31. a) Goi ((3) la mat phang xac dinh bdi hai dudng thang AB va Ax. 

Do Ax II (oc) nen ((3) se cat (a) theo giao tuy6'n Bx' song song vdi Ax (h.2.50). 

Ta co M’ la diem chung cua (a) va (ft) n6n M' thuoc Bx’. 

Khi M trung A thi M’ triing B nen tap hop M’ la tia Bx. 
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b) Ta co tur giac ABM'M la hinh binh 
hanh nen BM’ - AM = BN. 

Tam giac BM'N can tai B. 

Suy ra trung diem J cua canh day NM’ 
thuoc phan giac trong Bt cua goc B 
trong tam giac can BNM’. Dl thay rang 
Bt co dinh. 

Goi O la trung diem cua AS. Trong mat 
phang (AS, Bt), tur giac OBJI la hinh binh 

hanh nen Jl = BO. Do do / la anh ciia J 



trong phep tinh tien theo vecto BO. Vay 
tap hop / la tia Ot' song song vdi Bt. 


§5. PHEP CHIEU SONG SONG. 

HiNH BIEU DliN CUA MOT HINH KHONG GIAN 


2.32. Gia su a va b la hai dtrdng thang cheo 
nhau co hinh chieu la a' va S'. Neu mat 
phang (a, a") va mat phang ( b, b r ) song 
song vdi nhau thi all b'. Vay hinh chieu 
song song cua hai dtrdng thang cheo 
nhau co thd song song (h.2.51). 

Neu a va b la hai dtrdng thang cat nhau 
tai O va hinh chieu cua O la O’ thi O'g a’ 
va O' G b’ turc la a' va b' co diem chung. 
Vay hinh chieu song song cua hai dtrdng 
thang cat nhau khong the song song dtroc. 

2.33. Cho tam giac ABC ba't ki nam trong 
mat phang (a). Goi (0) la mat phang qua 
SC va khac vdi (a). Trong (ft) ta ve tam 
giac deu BCD. Vay ta co the xem tam 
giac ABC cho trudc la hinh chieu song 
song cua tam giac deu DBC theo phtrong 
chieu DA len mat phang (a) (h.2.52). 
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2.34. Voti hinh luc giac dlu ABCDEF ta nhan tha'y : 

- Tti giac OABC la hinh binh hanh (vira la hinh thoi) ; 

- Cac diem D, E, F lan lupt la cac diem do'i xirng cua cac diem A, B, C qua 


tarn O (h.2.53). 



Hinh 2.53 



Tir do ta suy ra each ve hinh bieu diln cua luc giac dlu ABCDEF nhir sau : 

- Ve hinh binh hanh O'A'B'C' bieu diln cho hinh binh hanh OABC. 

- La'y cac diem D', E\ F' lan Inert do'i xirng cua A \ B\ C' qua tarn O', ta diroc 
hinh biiu dien A'B'C'D'E'F' cua hinh luc giac deu ABCDEF (h.2.54). 

Chu y. Ta co the ve hinh bieu diln hinh luc giac deu dua tr£n sir phan tich sau 
day a hinh thirc ABCDEF (h.2.53) : 

- Tu: giac ABDE la hinh chir nhat; 

- Goi I la trung diem cua canh AE va H la trung diem cua canh BD ; 

- Cac diem F va C do'i xirng cua O lfin lirpt qua / va H. 

Tir do ta co each ve sau day : 

- Ve hinh binh hanh 
A'B’D'E' bilu diln cho hinh 
chir nhat ABDE. 

- Goi /' va H' lan lupt la 
trung dilm cua A'E' va B'D'. 

- La'y F' do'i xirng veri O' qua 
/' va C' do'i xumg veri O' qua 
H', ta dupe hinh bilu diln 
A'B'C'D'E'F' cua hinh luc 
giac dlu (h.2.55). 



Hinh 2.55 
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2.35. Gia sir tren hinh thuc ta co dubng tron tam O cung vdi hai dudng kinh vuong 
goc cua dircmg tron do la AB va CD (h.2.56). Neu ta ve them mdt day cung EF 
song song vdi AB thi dudng kfnh CD se di qua trung didm / cua doan EF. Tir 
do ta suy ra each ve sau day : - 

a) Ve hinh elip bieu dien cho ducmg E^__^F 

tron va ve ducmg kfnh A'B' cua hinh / \ 

elip do. Ducmg kfnh nay di qua tam O' A ( _ \ B 

cua elip. [ O 1 

b) Ve mot day cung E'F' song song vdi \ / 

ducmg kfnh A'B'. Goi /' la trung die’m L—^ 

cua E'F'. Ducmg thing OT cat elip tai 

hai diem C' va D'. Ta c6 A'B' va C'D' la H,nh 2 56 

hinh bieu dien cua hai ducmg kfnh 
vubng goc vdi nhau cua ducmg tron 
(h.2.57) 

Nhan xet. ITinh binh hanh A’C'B'D' la v. ) 

hinh bidu dien cua hinh vu6ng ACBD _ -^B' 

ndi tie P trong mot ducmg tron. 




Hinh 2.57 


2.36. Cho tuf dien ABCD. Goi d la mot ducmg 
thing khong song song vdi cac canh cua 
tir dien va (a) la mot mat phing cit d. 
Goi A', B', C', D' lin luqt la hinh chieu 
cua A, B, C, D tren mat phing (a). Goi P 
va Q lan luot la trung didm ciia hai canh 
doi dien AB va CD. Khi do hinh chie'u P' 
va Q' cua P va Q se lin lUot la trung 
diem cua A'B' va C'D'. 

Mudn cho A’, B\ C', D' la cac dinh cua 
mot hinh binh hanh ta chi cin chon 
phuemg chieu d sao cho d song song 
vdi ducmg thing PQ (h.2.58). 

Vay de hinh chie'u song song cua mot td 
dien la mot hinh binh hanh ta co the chon : 


:: \d 



Hinh 2.58 


- Phuemg chieu d la phuemg cua mot trong ba ducmg thing di qua trung di^m 
cua hai canh doi dien cua tir dien cho trude ; 

- Mat phing chieu (a) la mat phing tuy y, nhung phai cit ducmg thing d. 
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CAU HOI VA BAI TAP ON TAP CHUONG II 


2.37. a) CC//BB' => MCC' MBB' (h.2.59) 



trung binh cua hinh thang BB'C'C n6n 


HH'/I BB’. 


Ma BB'//AA' suy ra HH' // AA 


Ta co : G e AH va G' e A'H' va ta co : 


AG _ 2 
AH ~ 3 
A'G' _ 2 
.A'H'~ 3 


c) AH’ n GG’ = til => GG’ - G'M + MG 


AA'IIGG’II HH'. 


Ta co : G'M II AA' =^> A H'G'M w A H'A'A 


MG II HH' 


G'M H'G' 1 1 .. 

-=-= -=> G M = -AA 

AA' H'A' 3 3 

A AMG<» A AH’H 


, 1 
= —a 
3 


MG 

Jur 


AG 

AH 


= 2.=> MG = — HH'. 
3 3 
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Mat khac HH' la ducmg trung binh cua hinh thang BB’C'C n6n 


HH' = 


BB' + CC' b + c 


MG = ?-HH' = -.^ = ±(b + c). 
3 3 2 3 


Do do : GG' = G'M + MG — —a-\ — (b + c) = — (a + b + c) 

3 3 3 

Vay GG'=^(a + b + c). 


2.38. a) MB’ qua M va song song vdri (ABC) va (ABD) => MB’ song song vdi giao 
tuyen AB cua hai mat phang nay. Ta co : MB' II AB n6n MB' va AB xac dinh 
mot mat phing. Gia six MB cat AB' tai / (h.2.60) 

Ta co : / G BM => / e (BCD) 

/ G AB' => I G (ACD) 

=> I g (BCD) n (ACD) = CD 


=> I G CD. 

Vay ba dudng thang AB', BM va CD d6ng quy tai I. 


b) MB' II AB 


MB' IM 


AB IB 
K cMM’ 1 CD va BH 1 CD. 

rp . ,, ryrr IM MM' 

Ta co : MM II BH = 


Mat khac : 


IB BH 

dt(AMCD) = -CD.MM' 
2 

dt(ABCD) = -CD.BH 
2 


dt(AMCD) _ 2 CDMM ' 
dt(ABCD) L CDBH 
2 


MM' 

BH 


A 



Do do : 


MB' 

AB 


IM _ MM' 
IB ~ BH 


dt(AMCD) w MB' dt(AMCD) 

-* v ay — , 

dt(ABCD) AB dt(ABCD) 
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c) Tirang tu ta c6 : 


MC' 

CA 


dt(AMBD) 

dt(ABCD) 


MD’ dt(AMBC) 

DA ~ dt(ABCD) 

MB' MC' MD' _ dt(AMCD) dt(AMBD) dt(AMBC) 
' AB + CA + DA ~ dt(ABCD) dt(ABCD) dt(ABCD) 

dt(AMCD) + dt(AMBD) + dt(AMBC) 
dt(ABCD) 

_ dt(ABCD) _ l 
~ dt(ABCD) ~ 


2.39. a) Goi M va M’ tirang umg la trung diem 
cua AC va A'C, ta co : 

/ G BM, G G C'M, K G B'M’( h.2.61). 

Theo tmh chat trong tam cua tam giac ta co : 


MI 

MB 


MG 

MC' 


= - => IGH BC 
3 


» 


MI_ = M_K_ = l ^ aMM ’ii BB r ^ ik/IBB’. 
MB M'B' 3 


Ta co : 


IGII BC' 

BC' c ( BB'C'C ) 


IG II C BB’C’C) 



Hinh 2.61 


\IK /IBB' 

[BB' a (BB'C'C) 


IK II (BB’C’C). 


Mat khac IG va IK c (1GK) nen (1GK) // (BB’C’C). 

b) Goi E va F tirang umg la trung diem cua BC va B’C’, O trung diem cua A’C. 

A, I, E thang hang nen (AW) chinh la (AEB 1 ). A’,G, C thang hang nen (A’GK) 
chinh la (A’CE). 

Ta co B’E I I CF (do B’FCE la hinh binh hanh) va AE//A’F nen (A1B’) // (A’GK). 


2.40. a) Ta co mat phang (AA’, DD') song song vcri mat phang (BB\ CC). Mat 

✓ 0 

phang (MNP) cat hai mat phang noi tren theo hai giao tuyfin song song. 
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Neu goi Q la diem tren canh 
BB' sao cho NQ II PM thi Q la 
giao diem cua ducmg thang BB' 
vdi mat phang (MNP) (h.2.62). 

Nhan xet. Ta co the tim diem 
Q bang each noi P vdi trung 
diem I cua doan MN va ducmg 
thang PI cat BB' tai Q. 

b) Vi mat phang ( AA', BB’) 
song song vdi mat phang 
(DD\ CC) nen ta co MQ II PN. 
Do do mat phang (MNP) cat 
hinh hop theo thiet dien 
MPNQ la mot hinh binh hanh. 



c) Gia sir P khong phai la trung diem cua doan DD'. Goi H - PN n DC, 
K = MP n AD. Ta co d = HK la giao tuyen cua mat phang (MNP) vdi mat 
phang (ABCD) cua hinh hop. Chu y rang giao di^m E - AB n MQ cung nam 
tren giao tuyen d noi tren. Khi P la trung diem cua DD' mat phang (MNP) song 
song vdi mat phang (ABCD). 


2.41. a) Ve MP song song vdi AC va cat CD tai P. 


„ .AM CP CN 

Ta co-=-=- 

MD PD NC 

Do do PN U DC' II AB' (h.2.63) 

Ducmg thang MN thuoc mat 
phang (MNP) va mat phang 
nay co MP II AC va PN II AB'. 
Vay mat phang (MNP) song 
song vdi mat phang (ACB 1 ) va 
do do MN II (ACB"). 

b) Vi mat phang (MNP) song 
song vdi mat phang (ACB') nen 
hai mat phang do cat cac mat 
ben cua hinh hop theo cac giao 
tuyen song song. 
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Ta ve NQ // CB\ QR // C'A' (II CA), RS !! AB' (// PN) va tat nhien SM II QN. 
Thie't di6n cua hinh hop cat bdi mat phang di qua MN va song song vdi mat 
phang ( ACB ') la hinh luc giac MPNQRS c6 cac canh doi dien song song voi 
nhau tirng doi mot: MPIIRQ, PN II SR, NQ II MS. 


2.42. a) Hinh binh hanh ACC'A’ co hai 
dtrbmg^heo la AC' va A’C cat nhau tai 
trung di&n M cua mdi duomg. Tuomg tir, 
hai dudng cheo BD' va B'D cat nhau tai 
trung didm N cua m6i duong (h.2.64). 

b) Trung diem E cua AC la hinh chieu 
cua trung diem M cua AC' theo phuong 
cua canh lang tru. Tuomg tu, trung diem 
F la hinh chieu trung diem N cua duomg 
cheo BD' tr6n BD. Ta co EM II CC’ va 


2 

DD’ 

Mat khac FN II DD’ va FN = —— • TCr 

2 

do ta suy ra tii giac MNFE la hinh binh 
hanh va ta co MN = EF. 



2.43. a) Mat phang (M, d) cat (a) theo giao 
tuyen M^M^. Diem»/4 cung thuOc giao 

tuy^n do. Vay duomg thang M { M 2 ludn 
luon di qua diem A c6 dinh (h.2.65). 

b) Mat phang (M, d) cat {ft) theo giao 
tuyen BM. Diem K thudc giao tuyen do 
n6n ba di^m K, B, M thang hang. 

c) Gia sir b cat m tai I thi mat phang 
(5j, b) luon ludn cat (a) theo giao tuyd'n 

IM { . Do do diem M { di dong trdn giao 

tuyen /A/, co dinh. Con khi M di dong 

tren b thi mat phang (S 2 , b) cat (a) theo 

giao tuyd'n IM 2 . Do do diem M 2 chay 

tren giao tuydn IM 2 c 6 dinh. 


5 , 
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2.44. Ta xac dinh thiet dien cua hlnh lap phucmg cat bai cac mat phang sau : 

- Mat phang (EFB) : ta ve FG11 AB va duoc thie't dien la hlnh chu nhat ABGF 
(h.2.66), G la trung diem cua CC\ 


A E B 



A E B 



Hinh 2.67 


A E B 



H'mh 2.68 


A E B 



- Mat phang ( EFC ) : Noi FC va ve EG 11 FC , ta dime thifit dien la hlnh thang 

ECFG (h.2.67) {AG =-AA r ). 

4 

- Mat phang {EFC r ) : Noi FC' v a ve EG II FC'. Noi GC' va ve FH // GC'. Ta 
dupe thiet didn la hlnh ngu giac EGC'FH (h.2.68) 

(. BG= —BB\ AH = -AD). 

4 3 
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- Mat phang ( EFK) voi K la trung diem cua doan B'C'. La'y trung diem E' cua 
doan A’B'. Ta co / = EF n E'D'. Ta co IK la giao tuyen cua hai mat phang 
(EFK) va (A'B'C'D'). Goi G = IKn CD'. Noi F v6i G, ve EH IIFG. N6'i K voi 
H, ve FL II KH va noi L voi E. Ta dupe thiet dien la hinh luc giac d6u 
EHKGFL (h.2.69). 

(G, H, L theo thur tu la trung diem cua D’C\ B’B, AD). 


CAU HOI TRAC NGHIEM 


2.45. (C) 

2.46. (D) 

2.47. (D) 

2.48. (D) 

2.49. (B) 

2.50. (C) 

2.51. (A) 

2.52. (D) 

2.53. (C) 

2.54. (B) 

2.55. (B) 

2.56. (C) 

2.57. (C) 

2.58. (A) 

2.59. (B) 

2.60. (C) 

2.61. (B) 

2.62. (C) 

2.63. (B) 

2.64. (B) 
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CHUCfNC III 


VECT0 TRONG KHONG GIAN. 

QUAN Hi VUONG GdC TRONG KHONG GIAN 


§1. VECTO TRONG KHONG GIAN 

A. CAC KIEN THllTC CAN NHCJ 


I. CAC DINH NGHIA 


1. Vectff, gia va do dai cua vecta 

• Vecta trong khong gian la m6t doan thing co hucmg. 

Kf hidu AB chi vecta co diem dtiu A, diem cuoi B. Vecta con dirge kf hieu la 
a, b, x,y,... 


• Gia cua vecta la duemg thang di qua diem dciu va di^m cudi cua vecta do. 
Hai vecta duac goi la cung phuang neu gia cua chung song song hoac trung 
nhau. Nguoc lai hai vecta co gia cit nhau duoc goi la hai vecta khong cung 
phuang. Hai vecta cung phuang thi co the cung huang hay nguac huang. 


• D6 dai cua vecta la d6 dai cua doan thing co hai d^u mut la diem dEtu va 
diem cudi cua vecta do. Vecta co do dai bing 1 duoc goi la vecta dan vi. Ta ki 

hieu d6 dai cua vecta la AB . Nhu viy \aB = AB. 


2. Hai vecta bang nhau, vecta - khong 

• Hai vecta a va b duoc goi la bang nhau neu chung co cung do dai va cung 
huemg. Khi do ta ki hieu a = b. 
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• “Vecto - khong” la mot vecto dac biet co di^m d^u va diem cuoi triing nhau, 

nghla la vdi moi diem A tuy y ta co AA = 0 va khi do moi dirdng thing di qua 

diem A deu chda vecto AA. Do do ta quy irdc moi vecto 0 ddu bang nhau, co 
do dai bang 0 va cung phirong, cung hirdng vdi moi vecto. Do do ta viet 

AA = BB vdi moi di^m A, B tuy y. 


II. PHEP CONG VA PHEP TRl f VECTO 

1. Dinh nghla 

• Cho hai vecto a va b. Trong khong gian la'y mot diem A tuy y, ve 
AB = a, BC = b. Vecto AC dirge goi la tong ciia hai vecto a va b, ddng thdi 
dirge kf hieu AC = AB + BC - a + b. 

• Vecto b la vecto dd'i cua a neu \b\ = \a\ va a, b ngirge hirdng vdi nhau, 
ki hieu b =- a. 

• a -b - a + (~b). 

2. Ttnh chdt 

• a + b-b + a (tfnh cha't giao hoan) 

• (a + b) + c = a + (b + c ) (tinh chat ket hgp) 

• a + 0 = 0 + a = a (tfnh chat cua vecto 0) 

• a + (-a) = -a + a - 0. 


3. Cac quy tac can nh& khi tinh toan 

a) Quy tac ba diem 

Vdi ba di^m A, B,C bat ki ta co : 

AB + BC = AC 

He = ~AC - AB (h.3.1). 



C 
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b) Quy tac hinh binh hanh 
Vdi hinh binh hanh ABCD ta c6 : 

AC = AB + AD (h.3.2). 

c) Quy tac hinh hop 

Cho hinh hop ABCDA'B’C’D' 
vdi AB, AD, AA’ la ba canh co 
chung dinh A va AC’ la duong 
cheo (h.3.3), ta co : 

AC' = AB + AD + AA'. 

d) Md rdng quy tac ba diem 
Chon diem A t ,A 2 , ...,A n bit ki (h.3.4), 



D C 



ta co ; A^A 2 + A 2 A 2 + ... + A n _^A n — Aj A n . 


III. TICH cua VECTO VCfl mOt 



1. Dinh nghia. Cho s6 k ■£ 0 va vecto 5^0. Tich cua vecto a vdi so k la mdt 
vecto, ki hieu la ka , cung hudng vdi a neu k > 0, nguoc hurdng vdi a neu 
k < 0 va co do dai bang |&|.|5|. 

2. Tinh chat. Vdi moi vecto a, b va moi so m, n ta co : 

• m(a + b) = ma + mb\ 

• (m + n) a = ma + na-, 

• m(na) = ( mn)a ; 

• 1.5 = a ; (- 1).5 = -a ; 

• 0.5 = 6; 6 = 6. 
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IV. DIEU KIEN DONG PHANG CUA BA VECTO 

1. Khai niem ve su dong phang cua ba vecta trong khong gian 

Cho ba vecto a, b, c d6u khac 0 trong khong gian. Tir mot diem O bat ki ta 
ve OA = a, OB - b, OC = c . Khi do xay ra hai tnrdng hop : 

• Trudng hop cac dtrdng thing OA, OB, OC khong cirng nim trong mot mat 
phang, ta noi ba vecto a, b, c khong dong phang. 

• Trudng hop cac dtrdng thing OA, OB, OC ciing nim trong mot mat phing 
thi ta noi ba vecto a, b, c dong phing. 


2. Dinh nghla 

Trong khong gian, ba vecta duac goi la dong phang neu cac gia cua chung 


cung song song vdi mot mat phang. 

3. Dieu kien de ba vecta dong phang 

Dinh li 1. Trong khong gian cho hai 
vecto khOng ciing phtrong a va b va 

mot vecto c. Khi do ba vecto a, b, c 
dong phing khi va chi khi co cap so 

m, n sao cho c - ma + nb. Ngoai ra 
cap so m, n la duy nhat (h.3.5). 

4. Phan tich (bieu thi) mot vecta theo 
ba vecta khong dong phang 

Dinh li 2 

Cho a, b, c la ba vecto khong dong 
phing. Vdi moi vecto x trong khOng 
gian ta d6u tim dirge mdt bo ba so m, 

n, p sao cho x = ma + nb + pc. Ngoai 
ra bo ba sd m, n, p la duy nhit. 

Cu the OX = x, OA = a, OB = b, 

OC = c (h.3.6) 



Hinh 3.6 


8.BT.HINHHOC11(C)-A 
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va OX — OA +0B +0C vdi OA' = ma, OB'=nb, OC' — pc. 
Khi do : x = ma + nb + pc. 



1. Phuang phdp giai 

a) Dua vao dinh nghTa cac yeu to cua vecto ; 

b) Dua vao c£c trnh chat hinh hoc cua hinh da cho. 


2. Vidu 

Vi<£u 1 . Cho hinh lang tru tarn giac ABC.A'B'C'. Hay ndu ten cac vecto bang 
nhau co di£m dau va dium cuoi la cac dinh cua lang tru. 


giai 

Theo tfnh chat cua hinh lang tru ta suy ra : 

ab = Wb\ bc = Wc\ CA = CA' 

AB = -BA, BC = -CB, CA = -AC 
AA' = BB' = CC' = -A r A=-B 7 B = -C 7 C 
AB = -B 7 A', BC = -C r B', ca = -aX:' 
v.v... (h.3.7) 



B’ 

Hinh 3.7 


Vi du 2. Cho'hinh hop ABCDA’B’C’D’. Hay ke t£n cac vecto co dilm dau va 
di&n cudi la cac dinh cua hinh hdp ian lupt bang cac vecto AB, AA' va AC. 

giai 

Theo tinh chat cua hinh hdp (h.3.8) ta co : AB = DC = A'B' = D'C' 

AA' = BB' = CC' = DD' 

AC = WC. 
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8.BT.HINHHOCl1(C)-B 





, , Hinh 3.8 

Chting minh cac dang thuc ve vecto 


1. Phuang phap giai 

a) Su dung quy tSc ba diem, quy tile hinh binh hanh, quy tSc hinh h6p de bien 
d6i ve nay thanh ve kia va nguqc lai. 

b) Sir dung cac tinh chat cua cac phep toan vg vecto va cac tinh chat hinh hoc 
cua hinh da cho. 


2. Vidu 


Vidu 1. Cho hinh hdp ABCD.EFGH. Chumg minh rang AB + AD + AE = AG. 


giai 

Theo tmh cha't cua hinh h6p : 

AB + AD + AE = AB + BC + CG = AG. 

Dua vao quy tac hinh h6p ta co the 
viet ngay kft qua : 

AB + AD + AE = AG (h.3.9). 



E H 


Hinh 3.9 


Vidu2. Cho hinh chop S.ABCD co day la hinh 
binh hanh ABCD. Chung minh rang 

SA + SC = SB + SD. 

giai 

Goi O la tarn cua hinh binh hanh ABCD (h.3.10). 
Ta co : SA + SC = 2SO (1) 

va SB + SD = ISO (2) 

So sanh (1) va (2) ta suy ra SA + SC = SB + SD. 


s 



A D 

Hinh 3.10 
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Vi du 3. Cho hinh chop S.ABCD c6 day la 

hinh chu nhat ABCD. Chung minh r&ng 

—>2 —>2 —>2 —*2 
5A + SC = SB + SD . 

gidi 

Goi O la tam hinh chu nhat ABCD (h.3.11). 

Ta co : \oa\ = \ob\ = \oc\ = I OD . 

SA =(S0 + O4) 2 = SO +OA +2.SO.OA 



sc ={so+ocy = so +oc +2 so.oc 


SA +SC =2SO +OA +OC + 2SO (OA + OC). 


Ma OA + OC = 0 nen SA +SC =2 SO +OA +OC . 


Tuong tu ta co : SB +SD = 2SO + OB + OD . 

—:2 —2 —>2 —>2 
Tir do ta suy ra : SA + SC = SB + SD . 

Vi <£u 4. Cho doan thing AB. Tren doan thing AB ta lay di£m C sao cho 

CA Yti 

-= — * Chung minh rkng v6\ di^m 5 bat Id ta luon co : 

CB n 


SC = —5A + —^— SB. 
m+n m+n 

gidi 

C A vo 

Theo gia thiet ta co — = — (h.3.12). 

CBn 


Ta suy ra 


AC 


m 


AC + CB m + n 
m 


AC = {AC + CB) 


AC = 


m 


AB. 


m + n 


m + n 



S 

Hinh 3.12 


Vi ta co AC - SC - SA va AB = SB - SA nen 
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SC-SA = 


m 


m + n 


C SB-SA ) => SC = SA 


m , 171 ™ 

-5/1 +-55 


m + n 


m + n 


SC = —-— 5/1 + 


m + n 


m + n 



Van <Je 5 


—* , 9 

Chung ffljrih ba vecto a, b, c dong phang 

2. Phuong phap giai 

a) Dua vao dinh nghTa : Chung to cac vecto a, b, c c 6 gia song song vod mot 
mat phang. 

b) Ba vecto a, b , c dong phang <=> co cap so m, n duy nha't sao cho 
c - ma + nb, trong do a va b la hai vecto lchong cung phuong. 


2. Vidu 


VicCu 1. Cho tu dien ABCD. Tren canh AD la'y diem M sao cho AM = 3MD va 
trfin canh BC la'y diem N sao cho NB = -3NC. Chung minh rang ba vecto 
AB, DC, MN dong phang. 

A 

giai 


Theo gia thiet MA = -3MD 


va NB - -3NC (h.3.13). 


Matkhac MN = MA + AB + BN 


va MN = MD + DC + CN 


3MN = 3 MD + 3 DC + 3CN 


( 1 ) 


(2) 



Cong dang thurc (1) va (2) vori nhau ve theo ve, ta co 


Hinh 3.13 


1 


4MN = MA + 3MD + AB + 3DC + BN+ 3CN <=> MN = — AB + — DC. 

- 4 4 


0 


D 


0 


He thurc trfin chdng to rang ba vecto MN, AB, DC dong phang. 
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Vi dtt 2. Cho hinh hdp ABCD.EFGH. Goi I la giao diem hai dudng cheo cua 
hinh binh hanh ABFE va K la giao di£m hai dudng cheo cua hinh binh hanh 

BCGF. Chting minh rang ba vecto BD, IK, GF dong phang. 

gidi 

Vecto BD co gia thuoc mat phang 

(. ABCD). Vecto IK co gia song song vdi 
dudng thang AC thuoc mat phang {ABCD). 

Vecto GF c6 gia song song vdi dudng 
thang BC thuoc mat phang (ABCD). Vay ba 

vecto BD, IK, GF ddng phang (h.3.14). 

Cach khac. 

Taco BD = BC + CD = -GF + (AD-AC) 

= -GF - GF - 2IK (vi ~AC = 2IK ). 

Vay BD = -2GF-2IK. He thuc nay chung to rang ba vecto BD, GF, IK 
dong phang. 



C. CAU HOI VA BAI TAP 

■ 

3.1. Cho hinh lap phuong ABCD.A'B'C'D' canh a. Goi O va O' theo thd tu la tarn 
cua hai hinh vudng ABCD va A'B'C'D'. 

a) Hay bieu di6n cac vecto AO, AO' theo cac vecto co diem d^u va diem 
cuoi la cac dinh cua hinh lap phuong da cho. 

b) Chdng minh rang AD + D'C' + D'A' = AB. 

3.2. Trong khong gian cho diem O va bd'n diem A, B, C, D phan biet va khong 
thang hang. Chdng minh rang di£u kien cdn va du de bd'n diem A, B, C, D 
tao thanh mdt hinh binh hanh la : 

OA + OC = OB + OD. 

3.3. Cho tur didn ABCD. Goi P va Q Mn lupt la trung diem cua cac canh AB va 
CD. Tren cac canh AC va BD ta Mn lupt la'y cac diem M, N sao cho 
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^ = — = k(k> 0). 

AC BD 

Chung minh rang ba vecto PQ, PM, PN d6ng phang. 

3.4. Cho hinh lang tru tam giac ABC.A'B'C' co do dai canh ben bang a. Tren 
cac canh b6n AA', BB’, CC' ta la'y tuong ung cac diem M, N, P sao cho 
AM + BN + CP = a. 

Chung minh rang mat phang (MNP) luon lu6n di qua mot diem c6' dinh. 

3.5. Trong khbng gian cho hai hinh binh hanh ABCD va AB'C'D' chi co chung 
nhau m6t didm A. Chung minh rang cac vecto BB', CC\ DD' dong phang. 

3.6. Tren mat phang (a) cho hinh binh hanh A X B X C X D X . Ve mot phia doi vdi mat 

phang (a) ta dung hinh binh hanh Tren c ^ c ^oan ^ X B 2 , 

CjC 2 , D\D 2 ta ISn luqt lay cac diem A, B,C,D sao cho 

AA X _ BB ] _ CC l _ DD X 
AA 2 BB 2 CC 2 DD 2 

Chung minh rang tur giac ABCD la hinh binh hanh. 

3.7. Cho hinh hdp ABCD A’B’C’D’ co P va R lan luqt la trung diem cac canh AB 
va AD’. Goi P’, Q, Q\ R’ ltin luqt la tam d6'i xung cua cac hinh binh hanh 
ABCD, CDD’C’, A’B’C’D’, ADDA’. 

a) Chung minh rang PP’ + QQ' + RR' - 6 . 

b) Chung minh hai tam giac PQR va P’Q’R' co trong tam trung nhau. 
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§2. HAI Dl/dNG THANG VUONG GOC 


A. CAC KIEN THLTC CAN NHCJ 

I. TICH VO HUtiNG CUA HAI VECTO TRONG KHONG GIAN 

1. Goc giuta hai vecta 

Cho « va v la hai vecta trong khong 
gian. Tir mot digm A bat ki ve 

AB = u, AC = v . Khi do ta goi goc BAC 

(0° < BAC < 180°) la goc giua hai vecta 
u va v, ki hifiu ( u, v). Ta co : 

(, u,v) = BAC (h. 3.15). 

Hinh 3.15 

2. Tick vo hu&ng 

Tich vo hir«5ng cua hai vecta u va v d£u khac vecta 0 trong khOng gian la 
mot so dirge ki hi6u la u.v xac dinh bai: 

u .v = \u\. |v| ,cos(m , V ) 

N6'u u = 0 hoac v = 0 thi ta quy irdc u . v =0. 




3. Tinh chat 

Vcfi ba vecta a, b, c bat ki trong kh6ng gian va vdi moi s 6 k ta co : 

• a.b = b.a (tfnh cha't giao hoan); 

• a.(b + c) = a.b + a.c (tmh cha't phan phoi ddi vdi phep c6ng vecta); 

• (ka).b = k(a.b) = a.kb ; 

• a 2 >0 ; < 2 2 = 0<=> a = 0. 

4. Vecta chiphuang cua dudng thang 

• Vecta <2^0 dirge ggi la vecta chi phuang cua dudng thang d neu gia cua 
vecta a song song hoac trirng vdi dudng thang d. 


120 



• Neu a la vecto chi phucmg cua dudng thang d thi vectof lea vdi k* 0 cung 
la vectct chi phucmg cua d. 

• Mot ducmg thang d trong khong gian hoan toan dupe xac dinh neu biet mot 
difim A thuoc d va mpt vectct chi phuomg a cua d. 


5. Mot so ting dung cua tich vo hic&ng 


• Tinh do dai cua doan thang AB : AB - 


AB 



• Xac dinh goc giua hai vectct u va v bang cos (m , v) theo cong thde : 


cos(w, v) = ——- 

U . V 


II. GOC GI0A HAI Dl/CJNG THANG 

Goc giua hai dudng thang avkb trong khfing gian la goc giua hai ducmg thang 
a' va b’ ciing di qua mot diem bat ki bin luctt song song veti a va b. 


III. HAI Dl/GfNG THANG VUONG GOC 

• Hai dudng thang avkb dupe goi la vuong goc v&i nhau neu goc giua chung 
bang 90°. Ta ki hi6u a Lb hoac b La. 

• Neu u va v lan lupt la cac vectct chi phucmg cua hai dudng thang avk b thi 
a Lb ^ u.v - 0. 

• Neu a // bvk c vuong goc vdi mot trong hai dudng thang do thi c vuong goc 
vdi dudng thang con lai. 





B. DANG TOAN CO BAN 


Van dc 1 


Ung dung cua tich vo hudng 

1. Phuomg phap gidi 

a) Muon tinh dp dai cua doan thang AB hoac tinh khoang each giua hai diem 


A va B ta dua vao cong thde : AB = \ AB\ = V AB 
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b) Tfnh goc giua hai vector u va v ta dua vao c6ng thurc : cos (w, v) = 


|M . VI 


c) Chumg minh hai ductng thang AS va CD vudng goc vcfi nhau ta c£n chumg 
minh AS . CD - 0. 


2. Vidu 

Vi du 1. Cho hinh lap phirong ABCDA'B'C'D' canh a. Goi O la tarn cua hinh 
vuong ABCD va S la m6t di6m sao cho : 

OS = OA + OB + OC + OD + OA' + OB' + OC' + OD '. 

Hay tfnh khoang each gifra hai diem O va S theo a. 

giai 

Ta co OA + OC = 6 ; OB+OD =0 

va dA' + 0C' = 200' ; OB' + OD' = 200' 
vcfi O' la tarn cua hinh vudng A'B'C'D' (h.3. 

Dodo: OS = OA'+ OC'+ OB'+ OD' 

= 4 00' ma \do'\ = a. Hinh 316 

Vay \os\ = 4a. 



Vidu 2. Trong khong gian cho hai vecto a va b tao vdi nhau mdt goc 120°. 
Hay tim a + b\ va |<5-s| bidt rang \a\ = 3 cm va |s| = 5 cm. 


gidi 

Tit mot diem O trong khong gian dung OA = a 
va OB = b vdi AOB = 120° (h.3.17). 

Sau do ta dung hinh binh hanh OACB. 

Ta co OC = a + b va BA = OA - OB = a-b. 

• Xet tarn giac OAC ta co OAC = 60° 



Hinh 3.17 
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va OC 2 =OA 2 +AC 2 -2OA.ACcos60° =9 + 25-2.3.5— = 19. 


Vay |oc| =\a + b[ =19. 

Do do \a + b\ = \Jl9 (cm). 

• Xet tarn giac OAB ta co : BA 2 = OA 2 + OB 2 - 2.0A.0B cos 120° 

= 9 + 25 -2.3.5 •(--) = 49. 

2 


i 2 i 2 

Vay El =fe-£| =49. 
Do do <5 - b| =7 (cm). 



Vi 4ii 3. Cho td dien ABCD co hai mat A6C va ABD la hai tarn giac deu. 

a) Chung minh rang AB va CD vuong goc vdti nhau. 

b) Goi M, N, P, Q lan luot la trurfg di^m cua cac canh AC, BC, BD, DA. 

>' 

Churng minh rang td giac MNPQ la hinh chd nhat. 

Qidi 

a) Taco CDAB = (AD-AC)AB = ~AD.~AB-~AC.~AB. 


Dat AB -a ta co AD = AB = AC = a (h.3.18). 

Dodo CD.AB = \ad\.\ab\cos60° - |^c|KI .cos 60° 


1 1 n 

= a.a - a.a — = 0. 

2 2 


C 


Vay CD ± AB. 
b) Ta co MN IIPQII AB 
AB 

va MN = PQ = - 

nen td giac MNPQ la hlnh binh hanh. 

Vi MN 11 AB va NPII CD ma AB 1 CD nen 
hinh binh hanh MNPQ la hinh chd nhat. 
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Van Je 2 


9 

Chiing minh hai dudng thang vuong goc voi nhau 


1. Phurng phap giai 

- Can khai thac cac tinh chat vg quan he vuong goc da biet trong hinh hoc phang. 

- Su dung true tiep dinh nghia goc cua hai duemg thang trong khong gian. 

- Mudn chuug minh hai dudng thang AB va CD vuong goc vdi nhau ta co the 

chung minh AB.CD - 0. 


2. Vidu 


Vidu 1. Cho hai vectcf a va b d6u khac vectcf 0 . Chung minh rang a va b la 
hai vectcf chi phuong cua hai dudng thang vuong goc vori nhau khi va chi khi 


\a + b\ = \a-b\. 

Qidi 

Tu mdt diem O trong khong gian ta ve OA = a, 
OB = b r6i ve hinh binh hanh OACB (h.3.19). 

Ta co OC = OA + OB = d + ~b 


A C 



BA = OA - OB = a — b. 


Hinh 3.19 



hay OC = BA nghia 


la khi va chi khi OACB la hinh chu nhat. Khi do a va b co gia la hai duefng 
thang vubng goc vdi nhau. 


'Vidu 2. Cho tu: dien d6u ABCD canh a. Goi O la tarn duemg tron ngoai tiep tam 
giac BCD. Chung minh duemg thang AO vudng goc vori duemg thang CD. 
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Hinh 3.20 






Vi<fu 3. Cho hinh lap phirong ABCD.A'B'C'D' co canh bang a. Tren cac canh 
DC va BB’ ta l£n lirot lay cac dilm MvalV sao cho DM - BN = x vcri 0 < x < a. 
Chung minh rang hai duong thang AC' va MN vuong goc vcri nhau. 


gidi 

Dat AA'= a, AB -b, AD=c (h.3.21). 

Ta co \a\ = |fr| = |c| = a 
va AC' = AA'+ AB + AD 
hay AC' = a + b + c. 

Mat khac MN = AN - AM 

- (AB +~BN ) - (AD + DM) 



vdi BN = —.a va DM = — b. 
a a 


Dodo MN = 


f -r 

b + — a 




a 


c + — b 


J 


V 


a 


J 


x ^ ' 
= —a + 
a 


r x' 

1 -- 

v 


b-c. 


Taco AC' .MN = (a + b + c). 



( 


- 


1 

x | 


— a + 


b-c 

a 

V 

*y 



AC' . MN - — a 2 + 
a 


' x N 

1 -- 

v 


b -c l (vi a . b = 0, b . c =0, c .a = 0) 


AC'. MN = x.a + 
Do 66 AC’ Jl MN. 


' x ' 

1 -- 

V a J 


a 2 -a 2 = 0 (vi a 2 -b = c 2 = a 2 ). 



Van J 


Dung Uch vo huong de tinh goc cua hai dudng thang trong khong gian 


1. Phuong phap gidi 


• Mudn tfnh goc (OA, OB) ta co the dua vao cdng thuc 
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cos (OA,OB) 


OA.OB 

_ i 

\oa\.\ob\ 


va tir do suy ra goc ( OA,OB ). 


Dae biet neu OA . OB = 0 ta co ( OA, OB) = 90°. 

• Neu u la vecto chi phirong cua dirdng thing a va v la vecto chi phirong cua 
dirdng thing b va (u, v) = a thi goc giua hai dirbng thing a va b bing a ng'u 

a <90° va bing 180° -a neu a >90°. 


2. Vidu 


Vi<£u 1. Cho hinh lap phirong ABCD.A'B'C'D', 

a) Ti'nh goc gitra hai duong thing AC va DA’. 

b) Chumg minh BD A. AC’. 


gidi 

a)Dat AB = a, AD = b,AA' = c (h.3.22). 
Ta co AC = AB + AD -a + b 
DA' = AA' -AD = c-b. 


cos (AC, DA') = 


AC. DA' (a + b).(c-b) 


UclJ/M'l \a + b\]c-b\ 


Gia sir hinh lap phuong co canh bing x ta co : 


cos(/lC, DA') 


^ ^ -2 
a.c -a.b + b.c - b 

Xy/2 . X~j2 




]_ 

2 


(vi a . c = 0, a .b = 0, b .c = 0 va b = x L ). 


Vay (AC, DA') = 120°. 


Ta suy ra goc giOa hai dirdng thing AC va DA' bing 60°. 

Cach khac. Tir dinh C, ndi CB' ta co CB' // DA'. Goc gitfa i4C va DA' chfnh la 
goc giira AC va CB'. Ta co ACB' la tam giac diu co dd dai m6i canh bing 

x\f2 nen goc ACB - 60° hay goc giira hai dirdng thing AC va DA' bing 60°. 
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b) Ta cSn tmh goc giua hai vecto BD va AC . 

Taco ~BD = AD-AB, AC' = AB + AD + AA'. 

Vay BD.AC' = (AD-AB).(aB + AD + AA') = (b-a).(a + b + c) 

= b.a+b+b.c-a - a .b - a .c 

= 0+b 2 +0-a 2 +0-0 = 0. 

Vay BD 1 AC'. 

'lA'dti 2. Cho tur dien deu ABCD canh a. Tmh goc giiJa hai dirong thang AB va CD. 


giai 



vay {AB, CD) = 90° (h.3.23). 


C. CAU HOI VA BAI TAP 

3.8. Cho tir di6n ABCD. Goi G la trong tam cua tam giac ABC. Chumg minh rang 
GDjGA + GD.GB + GD.GC = 0. 

3.9. Cho tir giac ABCD. Goi M, N, P, Q lin luot la trung diem cua cac doan AC, 
BD, BC, AD va co MN = PQ. Chumg minh rang AB _L CD. 

3.10. Cho hinh chop tam giac SABC co SA = SB = SC = AB = AC = a va BC = aV2. 
Tmh goc giua hai vecto AB va SC. 
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3.11. Cho hinh chop S.ABC co SA = SB = SC = AB = AC = a va BC = a*j2. Tilth 
goc giua hai dudng thang AB va SC. 

3.12. Chung minh rang mot ducmg thang vuong goc vdi mdt trong hai ducmg 
thang song song thi vuong goc vdi ducmg thang kia. 

3.13. Cho hinh hop ABCD.A’B’C’D' co ta't ca cac canh deu bang nhau (hinh hop 
nhu vay con dupe goi la hinh hop thoi). Chung minh rang AC J. B'D'. 

3.14. Cho hinh hop thoi ABCD.A'B'C'D' co tat ca cac canh bang a va 
ABC - B'BA = B'BC = 60°. Chung minh ttr giac A'B'CD la hinh vuong. 

3.15. Cho til didn ABCD trong do AB1AC, ABA.BD. Goi P va Q lSn lupt la trung 
diem cua AB va CD. Chung minh rang AB va PQ vuong goc vdi nhau. 


§3. Dl/CJNG THANG VUONG GOC 
Vdi MAT PHANG 

A. CAC KIEN THlfC CAN NH6 

I. DLTClNG THANG VUONG GOC V6l MAT PHANG 

Ducmg thang d dupe goi la vuong goc vdi mat phang ( a) neu d vuong goc vdi 
moi ducmg thang nam trong (o'). 

Khi do ta con noi (a) vuong goc vdi d va kf hieu d _L (a) hoac (a) A. d. 

H. DIEU KIEN DE DUClNG THANG VUONG GOC V(5l MAT PHANG 

Neu ducmg thang d vuong goc vdi hai ducmg thang cat nhau nam trong mat 
phang (a) thi d vuong goc vdi (a). 

III. TINH CHAT 

7. Co duy nh£t mot mat phang di qua mot diem cho trude va vuong goc \ ii 
mot ducmg thang cho trude. 

2. Co duy nhat mot ducmg thang di qua mot diem cho trude va vuong goc vdi 
mot mat phang cho trude. 
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IV. Sir LIEN QLAN GIUA QUAN HE VUONG GOC 
VA QUAN HE SONG SONG 

1. a) Cho hai dudng thing song song. Mat phlng nao vudng goc vdi dudng 
thing nay thi cung vuong goc vdi dudng thing kia. 

b) Hai dudng thing phan biet cung vuong goc voi mot mat phlng thi song 
song vdi nhau. 

2. a) Cho hai mat phang song song. Dircmg thing nao vudng goc vdi mat 
phlng nay thi cung vudng goc vdi mat phlng kia. 

b) Hai mat phlng phan biet cung vudng goc vdi mot dirdng thing thi song 
song vdi nhau. 

3. a) Cho dirdng thing a va mat phlng (a) song song vdi nhau. Dudng thing 
nao vudng goc vdi (a) thi cung vudng goc vdi a. 

b) Neu mdt dudng thing va mdt mat phlng (khong chtra dudng thing do) 
cung vudng goc vdi mot dudng thing khac thi chung song song vdi nhau. 

V. PHEP CHIEU VUONG GOC VA DINH LI BA DUCfNG VUONG GOC 

1. Dinh nghla. Cho dudng thing d vudng goc vdi mat phlng (a). Phep chieu 
song song theo phuong d len mat phlng (a) duoc goi la phep chieu vuong 
goc len mat phang (a). 

2. Dinh li ba du&ng vudng goc. Cho dudng thing a nlm trong mat phlng ( a ) 
va b la dudng thing khong thuoc (a) ddng thdi khdng vudng goc vdi (a). 
Goi b' la hinh chieu vudng goc cua b tren (a). Khi do a vudng goc vdi b khi 
va chi khi a vudng goc vdi b'. 

_ 9 9 

3. Goc giita dudng thang va mat phang 

Cho dircmg thang d va mat phang (a). Ta co dinh nghia : 

• Neu dircmg thing d vuong goc voi mat phang (a) thi ta noi ring goc gitra 
dircmg thing d va mat phing (a) bing 90°. 

• Neu dircmg thing d khong vuong goc v6i mat phing (a) thi goc giira d va 
hinh chieu d’ cua no tren (a) diroc goi la goc giua du&ng thang d va mat 
phang {a). 

Liru y ring goc giua duong thing va mat phing khong vuot qua 90°. 


9.BT.HlNHHOC11{C)-A 
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B. DANG TOAN CO BAN 



T 


Van Je 1 


9 q 

Chiing minh dudng thang vuong goc v6i mat phang 


1. Phuffng phap giai 

Muon chumg minh duong thang a vudng goc vdri mat phang (a) ngucri ta 
thuong dung mdt trong hai each sau day : 

• Chung minh dudng thang a vudng goc vofi hai duong thang cat nhau nam 

trong (a). 

• Chung minh dudng thang a song song vofi ducmg thang b mh b vudng goc 

vdri (a). 


2. Vidu 

Vi du 1 . Hlnh chop S.ABCD co day la hlnh vudng ABCD tarn O va co canh SA 
vuong goc vdri mat phang {ABCD). Goi H, / va K lan lugrt la hlnh chieu vudng 
goc cua diem A tren cac canh SB, SC va SD. 

a) Chung minh BC 1 (SAB), CD 1 (SAD) va BD 1 (S/1C). 

b) Chung minh SC ± (AHK) va di^m I thude (AHK). 

c) Chung minh HK 1 (SAC), tCr do suy ra HK 1 Al. 

giai 

a ) BC ±AB vl day ABCD la hlnh vudng (h.3.24). 

BC 15/1 vl SA 1 (ABCD) va BC c (ABCD). 

Do do BC (SAB) vl BC vudng goc vdi hai 
dudng thang cat nhau trong (SAB). 

Lap lu$n tuong tu ta co CD 1 AD va CD 1 SA 
nen CD J. (SAD). 

Ta co BD L AC vl day ABCD la hlnh vudng 
va BD 1 SA nen BD 1 (SAC). 

b) BC 1 (SAB) ma AH e (SAB) ndn BC 1 AH 
va theo gia thie't SB 1 AH ta suy ra AH 1 (SBC). 

Vl SC e (SBC) nen AH 1 SC. 


S 



B C 
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Lap luan tucrng tu ta chung minh dupe AK _L SC. Hai duPng thing AH, AK cat 
nhau va cung vuPng goc vPi SC nen chung nam trong mat phang di qua di^m A 
va vuPng goc vPi SC. Vay SC ± ( AHK). Ta co AI c ( AHK) vi no di qua di&n 
A va cung vuPng goc vPi SC. 

iSAlAB 

c) Ta co SA 1 ( ABCD) => { 

V [&4 1 AD. 

Hai tam giac vuPng SAB va SAD bang nhau vi chung co canh SA chung va 
AB-AD (c.g.c). Do do SB = SD, SH = SK nen HK!! BD. 

Vi BD 1 (5/\C) n6n HK 1 (SAC) va do AI c (SAC) nen HK 1 AI. 

‘Ui du 2. Hinh chop S.ABCD co day la hinh thoi ABCD tam O va co SA = SC, 
SB = SD. 

a) Chung minh SO vuPng goc voi mat phang (ABCD). 

b) Goi I, K Mn lirpt la trung dilm cua cac canh BA, BC. 

Chung minh rang IK 1 (SBD) va IK 1 SD. 

gidi 

a) O la tam hinh thoi ABCD nen O la 
trung diem cua doan AC (h.3.25). Tam 
giac SAC co SA = SC nen SO _L AC. 

Chung minh tirong tu ta co SO _L BD. Tir 
do ta suy ra SO ± (ABCD). 

b) Vi day ABCD la hinh thoi nen AC 1 BD. 

Mat khac ta co AC _L SO. Do do AC _L (SBD). Ta co IK la duPng trung binh 
cua tam giac BAC n6n IK II AC ma AC _L (SBD) nen IK ± (SBD). 

Ta lai co SD nam trong mat phang (SBD) nen IK _L SD. 

Van Je 2 

9 \ * 

Chiing minh hai dudng thang vuong goc voi nhau bang each chung minh 

9 ' 9 9 

dudng thang nay vuong goc vdi mat phang chiia dudng thang kia 

1. Phuffng phap gidi 

- MuPn chumg minh ducmg thang a vuong goc vpi duPng thang b, ta tim mat 
phang (P) chua duPng thing b sao cho vide chung minh a ± (ft) de thuc hi6n. 

- Su dung dinh li ba duPng vuPng goc. 


S 



Hinh 3.25 
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2. Vi du 


Vi'du 1 . Cho tu* dien deu ABCD. Chdng minh cac cap canh doi dien cua td dien 
nay vuOng goc vdi nhau tirng doi mpt. 


Qiai 

Gia sir ta can chdng minh AS 1 CD. 
Goi I la trung diem cua canh AS 
(h!3.26). Taco: 


C/1 AS] 
D/1 ASj 


=> AS 1 (C/D). 


Do do AS 1 CD vi CD nSm trong 
mat phSng (C/D). 


Bang lap luan tuong tu ta churng minh 
dupe SC 1 AD va AC 1SD. 


A 



Hinh 3.26 


Vi du 2. Cho td dien OAJBC c6 ba canh DA, OB, OC doi mot vudng goc vdi 
nhau. Ke OH vuong goc vdi mat phang (ABC) tai H. Chdng minh : 


a) DA 1 SC, OB 1 CA va OC LAB; 

b) H la true tarn cua tarn giac ASC ; 
1111 


c) 


■ + 


OH 1 OA‘ 


OB 1 

Qiai 


OC‘ 


a) Ta c.o 


OAIOB 


OA 1 DC 
DA 1 (DSC) => OA1BC (h.3.27). 


A 



b) VI OH 1 (ASC) nen OH 1 SC va DA 1 SC 

=> SC 1 ( OAH) => SC 1 AH. 
Chdng minh tuong tu ta co AC 1 (OBH) => AC 1 BH. 
Td (1) va (2) ta suy ra H la true tdm cua tarn giac ABC. 


C 


(1) 

( 2 ) 
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c) Goi K la giao diem cua AH va BC. Trong tam giac AOK vuong tai O, ta co 
OH la ducmg cao. Dua vao he thdc luong trong tam giac vuong cua hinh hoc 
phang ta co : 


OH 2 OA 2 OK 2 

Vi BC vuong goc vdi mat phang ( OAH) nen BC _L OK. Do do trong tam giac 
OBC vuong tai O vdi dudng cao OK ta co : 


OK 2 OB 2 OC 2 

TCr (1) va (2) ta suy ra : —Cr = —+ + A— ■ 

OH 2 OA 2 OB 2 OC 2 

Vidu 3. Hinh chop S.ABCD co day la hinh chir nhat ABCD va co canh ben SA 
vuong goc vdi mat phang day. Chung minh cac mat ben cua hinh chop da cho 
la nhung tam giac vuong. 


gidi 

SA 1 {ABCD) =>SALAB va SA 1 AD (h.3.28). 

Vay cac tam giac SAB va SAD la cac 
tam giac vufing tai A. 


CD 1 DA] 
CD 1 SA J 


=> CD 1 {SAD) => CD LSD 


Chung minh tuomg tu ta co : 

CB 1 Afil 

\ =>CB 1 (SAB) CB 1 SB. 
CB1SAI 


S 



Vay tam giac SDC vuong tai D va tam giac SBC vu6ng tai B. 

Chu thich. Mu6'n chung minh tam giac SDC vuong tai D ta co thei ap dung 
dinh K ba duong vuong goc va lap luan nhu sau 

Duong thing SD co hinh chieu vuong goc tren mat phing (ABCD) la AD. 
Theo djnh li ba duong vu6ng goc vi CD _L AD nen CD _L SD va ta co tam giac 
SDC vuong tai D. 

Tuong tu, ta chung minh duoc CB _L SB va ta co tam giac SBC vuong tai B. 
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C. CAU HOI VA BAI TAP 

■ 

3.16. Mdt doan thang AB kh6ng vudng goc vdi mat phang (a) cat mat phang nay 
tai trung di^m O cua doan thang do. Cac dufrng thang vudng g6c vdi (a) qua 
A va B litn lirot cat mat phang (a) tai A' va B'. 

Chumg minh ba di&n A', O, B' thang hang va AA' = BB'. 

3.17. Cho tarn giac ABC. Goi ( a ) la mat phang vudng goc vdi ducmg thang CA tai 
A va (0) la mat phang vudng goc vdi ducmg thang CB tai B. Chumg minh 
rang hai mat phang (a) va (0) cat nhau va giao tuy£'n d cua chung vuong goc 
vdi mat phang (ABC). 

3.18. Cho hinh lang tru tarn giac ABC.AB'C'. Goi H la true tarn cua tarn giac ABC 
va bifi't rmgA'H vudng goc vdi mat phang (ABC). Chumg minh rang : 

a) AA'±BC vkAA'lB'C'. 

b) Goi MM' la giao tuyen cua mat phang (AHA') vdi mat ben BCCB’, trong 
do Me BC va M‘ e B’C. Chumg minh rang tu" giac BCC’B’ la hinh chu 
nhat va MM' la ducmg cao cua hinh chd nhat do. 

3.19. Hinh chop tarn giac S.ABC co day ABC la tarn giac vuong tai A va co canh ben 
5/4 vudng goc vdi mat phang day la (ABC). Goi D la diem dd'i xumg cua didm B 
qua trung diem O cua canh AC. Chumg minh rang CD 1 CA va CD 1 (SCA). 

3.20. Hai tarn giac can ABC va DBC nam trong hai mat phang khde nhau co chung 
canh day BC tao ndn tur didn ABCD. Goi I la trung diem cua canh BC. 

a) Chumg minh BC 1 AD. 

b) Goi AH la ducmg cao cua tarn giac ADI. 

Chumg minh rang AH vudng goc vdi mat phang (BCD). 

3.21. Chumg minh rang tap hop nhflng di^m each ddu ba dinh cua tarn giac ABC la 
ducmg thang d vudng goc vdi mat phang (ABC) tai tarn O cua ducmg tron (C) 
ngoai tiep tarn giac ABC do. 
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§4. HAI MAT PHANG VUONG GOC 
A. CAC KIEN THlTC CAN NH6 

I. GOC GIUA HAI MAT PHANG 

Gdc giita hai mat phang la gdc gitfa hai dudng thang l£n Inert vudng gdc vdi 
hai mat phang do. 

Neu hai mat phang song song hoac trung nhau thi ta noi rang goc giua hai mat 
phang do bang 0°. 

• Xac dinh goc gitfa hai mat phang cat nhau : 

Cho hai mat phang (a) va (fi) cat nhau theo giao tuyen c. Til mot diem / bat ki 
trdn c ta dung duemg thang a trong (a) vuong goc vdi c va dimg dudng thang b 
trong (ft) vudng goc vdi c. Khi do goc giiJa (a) va (ft) la gdc giua hai dudng 
thing a va b. 

• Didn tich hinh chieu cua da giac : S' - Scos <p 

(vdi S la dien tfch da giac nam trong (a), S' la dien tich hinh chieu vudng gdc 
cua da giac do trdn (fi), (p la gdc giua (a) va (fi)). 

II. HAI MAT PHANG VUONG GOC 

1. Dinh nghia 

Hai mat phang (a) va (/3) duoc goi la vudng gdc vdi nhau neu gdc giua hai mat 
phang do la mdt gdc vudng. 

Khi do ta ki hidu (a) -L(fi) hoac (fi) J. (a). 

2. Tinh chat 

a) Dieu kidn cSn va du dd hai mat phang vudng gdc vdi nhau la mat phang nay 
chura mot duemg thang vudng gdc vdi mat phang kia. 

b) Neu hai mat phang vudng gdc vci nhau thi bat ctr dudng thang nao nam 
trong mat phang nay va vudng gdc vdi giao tuyen thi vuong gdc vci mat 
phang kia. 

c) Cho hai mat phang (a) va. (fi) vudng gdc vci nhau. Neu tir mdt diem thude 
mat phang (a) ta dung mdt dudng thang vudng gdc vdi mat phang (fi) thi 
dudng thang nay nam trong mat phang (a). 
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d) Neu hai mat phang cat nhau va cimg vudng goc vdi mat phang thuf ba thi 
giao tuyen cua chung vuong goc vdi mat phang thd ba do. 

III. HINH LANG TRU DUNG, HINH HOP CHLT NHAT, 

HINH LAP PHITONG 

Hinh lang tru dicng la hinh lang tru co cac canh ben vuong goc vdi cac mat day. 

H'mh hop chit nhat lit hinh lang tru dung co day la hinh chu nhat. 

Hinh lap phticmg la hinh lang tru dung co day la hinh vuong va cac mat ben 
deu la hinh vuong. 

IV. HINH CHOP DEU VA HINH CHOP CUT DEU 

Hinh chop deu la hinh chop co day la mot da giac deu va co chan ducmg cao 
trung vo'i tarn ciia da giac day. 

Phan cua hinh chop d£u nam giQa day va mot thiet dien song song vdi day cat 
tat ca cac canh ben cua hinh chop deu dupe goi la hinh chop cut deu. 

Hai day cua hinh chop cut ddu la hai da giac deu ddng dang vdi nhau. 



Van cTe 1 


B. DANG TOAN CO BAN 


9 

Chtfng rainh hai mat phang vuong goc 


1. Phuong phap giai 

- Chung minh mat phang nay chua mot duong thing vuong goc vdi mat phang kia. 

- Chung minh goc giua hai mat phang bang 90°. 


2. Vidu 

Vi du 1. Tu dien ABCD co canh AB vuong goc vdi mat phang (BCD). Trong 
tarn giac BCD ve cac dudng cao BE va DF cat nhau tai O. Trong mat phang 
(ACD) ve DK vuong goc vdi AC tai K. Goi H la true tarn cua tarn giac ACD. 

a) Chung minh mat phang (ADC) vudng goc vdi mat phang (ABE) va mat 
phang (ADC) vudng goc vdi mat phang (DFK). 

b) Chung minh OH vudng goc vdi mat phang (ACD). 
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Qidi 

a) Ta c6-. BEL C °\ => CD 1 (ABE) 

AB 1 CD l 

ma CD c (ADC) nen (ADC) 1 (ABE). 

Ta co : ° F 1 flC } => DF1 (ABC). 
DF LAB] 

Tasuy raDFl/lC (h.3.29). 

Ta cung co DK _L /\C. 

Do do AC _L (DKF) va mat phang 
(ACD) chiia AC nen (ACD) 1 (DKF). 

b) VI CD 1 (ABE) nen CD 1 AE. Hai 
mat phing (ABE) va (DKF) deu 
vuong goc vdi mat phang (ACD) nen 
giao tuyen OH cua chung vuong goc 

voi mat phang (ACD). 

\ 



Vidu2. Hinh chop S.ABCD co day la hinh thoi ABCD tarn /, co canh b^ng a va 
dirdng cheo BD - a. Canh SC = ~~~ ^ong goc voi mat phang (ABCD). 
Chung minh hai mat phlng (SAtf) va (SAD) vuong goc voi nhau. 


qidi 

Vi ABCD la hinh thoi nen BD _L AC . 

Vi SC 1 (ABCD) nen SC 1 BD. 

Suy ra BD 1 (SAC), din den BD 1 SA. 

Trong mat phang (SAC) ha IH 1 SA tai 
H, ta suy ra SA 1 (BDH) (vi SA 1 BD va 
SALIH). 

Do do BH 1 SA va DH 1 SA (h.3.30). 

Vay BHD la goc giOa hai mat phing 
(SAB) va (SAD). 


S 



Hinh 3.30 
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Hai tam giac vuong AHl va ACS c6 goc nhon A chung ndn dong dang : 

AI.SC 


n m SC 
Do do — = — =>/// = 

A/ AS AS 

Vi fiD = a nen ABD la tam giac ddu, do do 

ay/3 


(1) 


AJ = 


AC = 2AI = ay /3 . 


SA 


= \/aC 2 +SC 2 = . (aV3) 2 + 


f aJ 6^ 


v 2 y 


3aV2 


aV3 «V6 


o o a BD 

Thay cac gia tri cua AI y SC , SA vao (1) ta dirge : /// = —-— j=J ^— = — =- 

3av2 2 2 


Tam giac BHD co trung tuyen IH umg vdi canh BD bang - nen do la tam 

2 

giac vuong tai H hay BHD - 90°. 

Vay hai mat phing (SAB) va (SAC) vuong goc vdi nhau. 



Van <Je 2 


Cho dudng thang a khong vuong goc vdi 

w 9 9 

mat phang (P). Hay xac dinh mat phang 
(Q) chiia a va vuong goc vdi ( P ). 


1. Phuang phap giai 

Tir mot didm M thuoc a, dung ducmg 
thing b vuong goc vdi mat phang (P) ta co 
(Q) = (a, b) (h.3.31) 



2. Vidu 

Vi eftu Cho hinh vuong ABCD canh a. Tren duong thing vuong goc vdi mat 
phing (ABCD) tai A la'y diem S. Goi (or) la mat phing chura AB va vuong goc 


138 



vdi mat phang (SCD). Hay xac dinh mat phang (or ). Mat phang (or) cat hinh 
chop S.ABCD theo thiet dien la hinh gi ? 


Qiai 

Trong mat phang (SAD) dung AH 1 SD tai H 
(h.3.32). Ta co : 


DC LAD 
DC ISA 


=> DC 1 (SAD) DC _L AH. 


AH 1 DC 
AH LSD 


=> AH 1 (SDC), 


Goi (or) la mat phang chura AB d6ng thdi chura 
AH trong do AH vudng goc vdfi mat phang 
(SDC). Vay (a) 1 (SDC) va {a) = (AB, AH). 


s 



Hinh 3.32 


Ta co AB II CD nen CD // (or) va H la diem chung cua (or) va (SCD) n6n giao 
tuyen cua (or) va (SCD) la ducmg thang qua H va song song vdi CD cat SC tai 
E. Ta co thiet dien cua (or) va hinh chop S.ABCD la hinh thang AHEB vudng 
tai A va H vi AB 1 (SAD). 


C. CAU HOI VA BAI TAP 

3.22. Hinh hop ABCD.AB'CD' co ta't ca cac canh d6u bang nhau. Chimg minh 
rang AC 1 BD\ AB' 1 CD' va AD' 1 CB’. Khi nao mat phang (AA'C'C) 
vuong goc vofi mat phang (BB'D'D) ? 

3.23. Cho tur dien ABCD co ba cap canh doi dien bang nhau la AB - CD, AC = BD 
va AD = BC. Goi M va N lan luot la trung di£m cua AB va CD. Chung minh 
MN _L AB va MN -L CD. Mat phang (CDM) co vuong goc vdi mat phang 
(ABN) khdng ? Vi sao ? 

3.24. Chumg minh rang ne'u tur dien ABCD co AB 1 CD va AC l BD thi AD 1 BC. 

3.25. Cho tarn giac ABC vuong tai B. Mot doan thang AD vuong goc vdi mat phang 
(ABC). Chung minh rang mat phang (ABD) vudng goc vdi mat phang (BCD). 

Tir diem A trong mat phang (ABD) ta ve AH vudng goc vdi BD, chumg minh 
rang AH vudng goc vdi mat phang (BCD). 
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3.26. Hinh chop S.ABCD co day la hlnh thoi ABCD canh a va co SA=SB = SC - a. 
Chung minh : 

a) Mat phang {ABCD) vudng goc vdi mat phang ( SBD) ; 

b) Tam giac SBD la tarn giac vudng tai 5. 

3.27. a) Cho hinh lap phuong ABCD.A'B'CD' canh a. Chirng minh rang dudng 
thang AC' vuong goc voi mat phang ( A'BD) va mat phang {ACC'A') vudng 
goc vdi mat phang {A'BD). 

b) Tinh dudng cheo AC' cua hinh lap phuong da cho. 

3.28. Cho hinh chop ddu S.ABC. Chung minh 

a) Mdi canh ben cua hinh chop do vuong goc voi canh doi dien ; 

b) M6i mat phang chtra mot canh ben va dudng cao cua hinh chop ddu 
vuong goc voi canh doi dien. 

3.29. Ttr dien SABC co SA vuong goc voi mat phang {ABC). Goi H va K lan lupt la 
true tarn cua cac tarn giac ABC va SBC. Chung minh rang : 

a) AH, SK va BC dong quy. 

b) SC vuong goc vdi mat phang {BHK) va {SAC) _L {BHK). 

c) HK vuong goc vdi mat phang {SBC) va {SBC) _L {BHK). 

3.30. Tu dien SABC co ba dinh A, B, C tao thanh tarn giac vuong can dinh B va 
AC = 2a, co canh SA vuong goc vdi mat phang {ABC) va SA - a. 

a) Chung minh mat phang {SAB) vuong goc vdi mat phang {SBC). 

b) Trong mat phang {SAB) ve AH vuong goc vdi SB tai H, chirng minh 
AH 1 {SBC). 

c) Tinh do dai doan AH. 

d) Tir trung diem O cua doan AC ve OK vuong goc vdi {SBC) cat {SBC) tai 
K. Tinh do dai doan OK. 

3.31. Hinh chop S.ABCD co day la hinh vuong ABCD tarn O va co canh SA vuong 
goc vdi mat phang {ABCD). Gia sir {a) la mat phang di qua A va vuong goc 
vdi canh SC, {a) cat SC tai I. 

a) Xac dinh giao diem K cua SO vdi mat phang {a). 

b) Chung minh mat phang {SBD) vuong goc vdi mat phang {SAC) va BD I I {a). 

c) Xac dinh giao tuyen d cua mat phang {SBD) va mat phang {a). Tim thiet 
dien cat hinh chop S.ABCD bdi mat phang {cc). 
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3.32. Hinh chop S.ABCD c6 day la hinh thang vudng ABCD vudng tai A va D, co 
AB - 2a, AD = DC = a, co canh SA vuong goc vdi mat phang {ABCD) va SA = a. 

a) Chumg minh mat phang (SAD) vuong goc vdi mat phang ( SDC ), mat 
phang (SAC) vuong goc vdi mat phang ( SCB). 

b) Goi <p la goc giua hai mat phang (SBC) va (ABCD), tinh tamp. 

c) Goi (a) la mat phang chura SD va vuong goc vcfi mat phang (SAC). Hay 
xac dinh (a) va xac dinh thiet dien cua hinh chop S.ABCD vdi (a). 


§5. KHOANG CACH 

A. CAC KIEN THLfC CAN NHCf 


I. DINH NGHIA 

1. Cho mot diem O va dirdng thang a. Trong mat phang (O, a) goi H la hinh 
chieu cua O tren a. Khi do khoang each giua hai diem O va H duoc goi la 
khoang each tir didm O den dirdng thang a, kf hieu la d (O , a). 

• 2. Khoang each tir mot diem O den mat phang (a) la khoang each giua hai di£m 
O va H, vdi H la hinh chieu vudng goc cua O len (a), ki hieu la d(0, (a)). 

3. Khoang each giua dudng thang a va mat phang (a) song song vdi a la 
khoang each tir mot diem ba't ki thuoc a tdi mat phang (a), ki hieu la 
d(a, (a)). 

4. Khoang each giua hai mat phang song song (a) va (/?), ki hieu d((a), (ft)), 
la khoang each tir mdt diem bat ki cua mat phang nay den mat phang kia. 

d((a), (J3)) = d(M, (J3)) vdi M e (a) 

d((a),(j3)) = d(N,(a)) vdi/Ve (j3). 

5. Khoang each giira hai dudng thang cheo nhau la do dai cua doan vudng goc 
chung cua hai dudng thang do. 

II. LUXJ t 

1. Tinh khoang each co the ap dung true tiep dinh nghla hoac tinh gian tiep, 
chang han co the tinh duoc dudng cao cua mot tarn giac (khoang each tir 
dinh tdi day) nd'u biet dien tich va sd do do dai canh day cua tarn giac do. 

2. Trudc khi tinh toan, cSn xac dinh ro yeu to c^n tinh khoang each. 
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B. DANG TOAN CO BAN 



9 


Van d£ 1 


Tim khoang each tit diem M den diidng thang m cho tnioc 


1. Phuong phap giai 

- Trong mat phang xac dinh boi diem M va dudng thang m ta ve MH J_ m tai 
H. Ta co d(M, m) = MH. Ta co the sir dung cac ket qua cua hinh hoc phang dl 
tfnh do dai doan MH. 

- Trong khong gian dimg mat phang (a) di qua M va (a) vuong goc voi m cat 
m tai H, ta co d(M y m) = MH. Sau do tfnh do dai doan MH. 


2. Vi du 


Vi du 1 . Hinh chop S.ABCD co day la hinh vudng ABCD tarn O canh a, canh 
SA vudng goc voi mat phang (ABCD) va SA - a. Goi I la trung diem cua canh 
SC va M la trung diem cua doan AB. 

a) Chung minh duomg thang 10 vudng goc voi mat phang (ABCD). 

b) Tfnh khoang each tCr diem I den dirdng thang CM. 


gidi 


a) Ta co SA 1 (ABCD) ma 10 // SA do do 10 1 (ABCD) (h.3.33). 

b) Trong mat phang (ABCD) dung H la hinh chieu vudng goc cua O tren CM, 
ta co IH J. CM va IH chinh la khoang each tir / den dudng thang CM. 


Goi N la giao diem cua MO voi canh 
CD. Hai tarn giac vudng MHO va 


MNC dong dang nen 


OH _ OM 
CN~ MC 


Do do OH = 


CN.OM 

MC 


a a 
22 


a 


a 


V5 2V5 


Ta con co 10 = 


SA 

2 


a 

2 


S 



Hinh 3.33 
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9 9 9 ( 2 ^ 3(2 

va ffl ^ ;0 2 +0 „2 = _ + _ = _ 

V^y khoang each /// = 

Vidu 2. Cho tam giac ABC voi AB = 7 cm, 5C = 5 cm, CA = 8 cm. Tren duong 
thing vuong goc vdi mat phing (A6C) tai.A lay diem O sao cho AO = 4 cm. 
Tinh khoang each tu di6m O den dudng thing BC. 


a^/3 _ gyj30 

VIo io 


gidi 

Ta dung A//1 BC tai H (h.3.34). 

Theo c6ng thurc Hg-rong, dien tfch S cua 
tam giac ABC la 

S = jp(p-a)(p-b)(p-c) 

= Vl0(10-5)(10-7)(10-8) = 10V3 (cm 2 ). 

AH=— = AO. = 4^3 ( Cm ). 

BC 5 

Vi AH _L BC nen OH _L BC theo dinh li ba 
dudng vuong goc. 

Ta suy ra OH 2 = OA 2 + AH 2 = 16 + 48 = 64. 
VayO// = 8cm. 



Van dE 2 


o 



Tim khoang each til diem M den mat phang ( a) 


1. Phuong phdp gidi 

Dung MH 1 (a) voi H e (a) va tinh M//. 

2. Vi i/m 

Vi' 4ii 1. Cho goc vu6ng xOy va m6t diem M nitm ngoai mat phang chua goc 
vudng. Khoang each tit M den dinh O cua goc vudng bang 23 cm va khoang 
each tit M toi hai canh Ox va Oy deu bang 17 cm. Tinh khoang each tit M den 
mat phang chtia goc vubng. 


s 
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gtii 

Goi A va B lan lirat la hinh chieu vuong goc cua M tren Ox va Oy (h.3.35). 

Ta co MO = 23 cm, MA = MB = 17 cm. Goi H la hinh chieu vuong goc cua M 
tren mat phang ( OAB ). 


Can ttnh khoang each MH tir M 
den mat phang (OAB). 

Theo dinh li ba diromg vuong goc 
ta co HA 1 OA va HB 1 OB. Do 
do td giac OAHB la hinh chd nhat. 
Mat khac vi MA : MB = 17cm 
nen HA = HB. Vay td dien OAHB 
la hinh vuong. Dat OA = x ta co 

OH = a a/ 2 . Do do 

MH 2 = MO 2 - OH 2 = MA 2 - AH 2 

=> 23 2 -lx 2 = 17 2 -x 2 => x 2 = 240 


M 



Vay MH 2 = 17 2 - 240 = 49 nen MH = 7cm. 


Vidu 2. Tam giac ABC vuong tai A, co canh AB = a nam trong mat phang (a), 
canh AC = aj2 va tao vdi (a) mot goc 60°. 

a) Tinh khoang each CH td C tdi (a). 

b) Chdng minh rang canh BC tao vdi (a) mot goc (p - 45°. 


Qiai 

a) Goi H la hinh chid'u vudng goc 
cua C tren (a). Theo gia thie't 

ta co CAH = 60°, do do 

R 

CH - AC sin60° = <W2 — 


a 




(h.3.36). 


b) Ta co CBH la goc cua canh 
BC tao veti mat phang (a). 

Vi BA ± CA nen : 


C 



Hinh 3.36 
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Tinh khoang each gitfa hai dildng thang cheo nhau 


1. Phuong phdp gidi 

Ta co cae trucmg hop sau day : 

a) Gia sir a va b la hai duemg thing cheo 
nhau va a -L b. 

- Ta dung mat phing (a) chua a va 
vuong goc vod b tai B. 



Hinh 3.37 


- Trong (a) dung BA J. a tai A, ta duoc 
d6 dai doan AB la khoang each giua hai 
duOng thing cheo nhau a va b (h.3.37). 

b) Gia sir a va b la hai duemg thing cheo 
nhau nhung khong vuong goc vdri nhau. 

Cdch 1 : 

- Ta dung mat phing (a) chira a va song 
song vdri b (h.3.38). 

- Liy mot diem M tuy y tren b dung 
MM' 1(a) tai M'. 

- TCr M' dimg b' // b cat a tai A. 

- Tir A dung AB // MM’ cit b tai B, dO dai 
doan AB la khoang each giua hai duemg 
thing cheo nhau a va b. 

Cdch 2 : 

- Ta dung mat phing (a) 1 a tai O, 

(a) cit b tai I (h.3.39) 


b b M 



Hinh 3.39 


10.BT.HINHHOC11(C)-A 
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- Dung hinh chieu vudng goc cua b la b' tren (a). 

- Trong mat phlng (a), ve OH 1 b',H e b'. 

- Tir H dung duong thing song song vdi a cat b tai B 

- Tit B dung duong thing song song vdi OH cat a tai 

Do dai doan AB la khoang each giua hai duong thing cheo nhau a va b. 


2. Vi du 

Vi du 1. Cho hinh chop S.ABCD c6 day la hinh vudng ABCD canh a, c6 canh 
SA = h va vuong goc vdi mat phlng {ABCD). Dung va tfnh do dai doan vudng 
goc chung cua : 

a) SB va CD ; b) SC va BD ; c) SC va AB. 


gidi 

BC ISA) 

a) Ta co \ ^ BC 1 {SAB) 

BC 1 AB) 

=> BC _L SB. 

Mat khac fiC _L CD. Vay BC la doan 
vuong goc chung cua SB va CD. 
Khoang each giua SB va CD la doan 
BC = a (h.3.40). 



BD ISA) Hinh 3.40 

b) Ta co \ => BD 1 {SAC) tai O. 

BD 1 AC) 


Trong mat phlng {SAC) tir O ha OH 1 SC tai H ta co OH 1 SC va OH 1 BD vi 
BD A. {SAC). Vay OH la doan vudng goc chung cua BD va SC. 

„ , OH SA 

Ta co-= — = 

OC SC 

^ , AB ISA) 

c Taco . ^ =>AB 1 {SAD). 

AB 1 AD) 

Trong mat phlng {SAD) ta co SD la hinh chidu vudng goc cua SC, ta ve 
AK _L SD tai K. Trong mat phlng {SCD) ve KE // CD vdi E e SC. 

Trong mat phlng {KE, AB) ve EF // AK vdi F e AB. Ta co AB va CD cung 
vudng goc vdi mat phlng {SAD) nen AB A. AK va CD A. AK. 


sin ACS. Vay OH = 


OC.SA ajl 


'h 2 + 2a 2 


146 


10.BT.HINHHOC11(C)-B 





Ta co AK 1 S ° 1 => AK1 (SCD) => AK 1SC. 
AK _L CD 


Vay /iA" 1 va /iA'1 SC. Vi £F // /iA' nen £F 1 /\fi va EF 1 SC. 
Do do EF la doan vuong goc chung cua SC va AB. 


Ta co EF = AK = 


ASAD 

SD 



<Vt du 2. Cho tuf dien OABC co OA, OB, OC doi mdt vuong goc vdi nhau va 
OA = OB = OC = a. Goi / la trung diem cua BC. Hay dung va tinh do dai doan 
vuong goc chung cua cac cap dudng thang : 

a) OA va BC ; b) Al va OC. 


gidi 

OAEOl] 

a) Ta co > => 01 la doan vuong 

BC 1 01 J 

goc chung cua OA va BC (h.3.41). 


Ta co 01 = 


BC 

2 


a\fl 

~T~ 


OCT 041 

b) Ta co > => OC A. ( OAB) tai O. 

OC 1 OB l 



Tir / ve IK // OC thi IK vuong goc vdi mat Hinh 3.41 

phang (OAB) tai trung didm K cua doan OB. 

Ta co AK la hinh chieu vuong goc cua AI trdn 
mat phang (OAB). 

Trong mat phang (OAB) ve OH A. AK. Dung HE // OC vdi E e AI va dung 
EF II OH vdi Fs OC. Khi do EF la doan vuong goc chung cua AI va OC. 

Ta co EF = OH. 

Trong tam giac vuong OAK ta co : —- = 4r + —= 

OH 2 OA 2 OK 2 a 2 fa] a 2 

v2 y 


vay OH 2 =— =>OH= — = EF. 
5 5 
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Khoang each giua AI va OC la EF = 


ayfE 

~ 5 ~ 


Vtdu 3. Hinh chop S.ABCD co day la hlnh vudng ABCD tam O co canh AB = a. 
Dudng cao SO cua hinh chop vuong goc vdi mat day (ABCD) va co SO = a. 

Tmh khoang each giua hai duemg thing SC va AB. 


gidi 

Vi AB II CD n6n AB // (SCD). Mat khac, 

SC c (SCD) nen khoang each giua AB 
va SC chmh la khoang each giua AB va 
(SCD) (h.3.42). 

Goi /, K lin lupt la trung diem cua AB , 

CD thi ta co O la trung di^m cua IK va 
IK 1 CD. Do do : 

d(AB, (SCD)) = d(I, (SCD)) = 2d(0, (SCD)). 
CD ISO) 

Ta co > => CD 1 (SOK) 

CD 1 OK J 

=} (SCD) 1 (SOK) veri SK = (SCD) n (SOK). 


S 



Hinh 3.42 


Trong tam giac vudng SOK ta co OH 1 SK nen OH 1 (SCD), do do 

OH - d(0, (SCD)). 

11111 14 5 


Ta co 


OH 1 OS 1 OK■ 


a 






a 


a 


a 


Do do OH = 


ayfE 


Vay d(SC, AB) = d(AB, (SCD)) = 2d(0, (SCD)) - 20H = 


2aS 

5 
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C. CAU HOI VA BAI TAP 


3.33. Cho hinh lap phuong ABCDA'B'C'D' canh a. Chung minh rang khoang each 
tur cac didm A', B, D; C, B\ D' tdi duong cheo AC' bang nhau. Tinh khoang 
each do. 

3.34. Hinh chop SABCD c6 day la hinh vudng ABCD canh a. Cac canh ben 
SA-SB = SC = SD= a~j2 . Goi / va K lan lurot la trung diem cua AD va BC. 

a) Chung minh mat phang (SIK) vudng goc vdi mat phang (SBC). 

b) Tinh khoang each giua hai duong thang AD va SB. 

3.35. Cho hinh lap phucng ABCDA’B’C’D’. 

a) Chung minh duong thang BC' vudng goc vdi mat phang (A'B'CD). 

b) Xac dinh va tfnh do dai doan vudng goc chung cua AB' va BC'. 

3.36. Cho hinh chop S.ABCD c6 day la nira luc giac d^u ABCD noi tiep tr ^g 
duong tron duong klnh AD = 2 a va co canh SA vudng goc vdi mat phkig day 

(ABCD) vdi SA =aj 6. 

a) Tinh cac khoang each tiM va B den mat phang (SCD). 

b) Tinh khoang each tir duong thang AD den mat phang (SBC). 

3.37. Tinh khoang each giua hai canh doi trong mot tir dien ddu canh a. 

3.38. Tinh khoang each giua hai canh AB va CD cua hinh tu dien ABCD biet rang 
AC = BC = AD = BD = a va AB = p, CD = q. 

3.39. Hinh chop tarn giac deu S.ABC co canh day bang 3 a, canh bdn bang 2a. Goi 
G la trong tarn cua tarn giac day ABC. 

a) Tinh khoang each tir S tdi mat phang day (ABC). 

b) Tinh khoang each giua hai duong thang AB va SG. 

3.40. Cho hinh lang tru tarn giac ABC.A'B'C' co tat ca cac canh ben va canh day 

ddu bang a. Cac canh ben cua lang tru tao vdi mat phang day goc 60° va hinh 
chieu vudng goc cua dinh A len mat phang (A'B'C) triing vdi trung diem cua 
canh B'C. 

a) Tinh khoang each giua hai mat phang day cua lang tru. 

b) Chung minh rang mat ben BCC'B' la mdt hinh vudng. 
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CAU HOI VA BAI TAP ON TAP CHl/ONG III 

3.41. Trong cac menh de sau day menh de nao dung ? Menh dd nao sai ? 

a) Cho hai dudng thang a va b song song voi nhau. Neu co mot dudng thang 
d vuong goc voi a thi d vuorig goc voi b. 

b) Hai dirdng thang phan biet cung vuong goc voi mot mat phang thi chung 
song song voi nhau. 

c) Mot mat phang ( a ) va mot dudng thang a cung vuong goc voi dudng 
thang b thi a // (a). 

d) Hai mat phang (a) va (/?) phan biet cung vuong goc vdi mot mat phang 
(Y) thi (a) II {p). 

e) Hai dudng thang phan biet cung vuong goc vdi mot dudng thang thi 
chung song song vdi nhau. 

f) Hai mat phang phan bidt cung vuong goc vdi mot dudng thang thi chung 
song song. 

3.42. Xet cac menh de sau day xem menh dd nao dung, menh de nao sai ? 

a) Qua mot di£m, co duy nhat mdt mat phang vuong goc vdi mot mat phing 
cho trudc. 

b) Qua mdt dudng thang, co duy nhat mot mat phang vuong goc vdi mot 
dudng thang cho trudc. 

c) Qua mot diem, co duy nhat mot mat phang vuong goc vdi mdt dudng 
thang cho trudc. 

d) Cho hai dudng thang a va b. Neu co mat phang ( a ) khong chua ca a va b 
thi a va b cheo nhau. 

3.43. Tren mat phang (a) cho hinh vuong ABCD. Cac tia Ax, By, Cz, Dt vuong goc 

vdi mat phang ( a ) va nam ve mot phfa doi vdi mat phang (a). Mot mat 

phang {(d) l£n luot cat Ax, By, Cz, Dt tai A', B\ C', D'. 

a) Tu giac AB’C'D' la hinh gi ? Chdng minh rang AA' + CC' = BB' + DD'. 

b) Chung minh rang didu kidn de tu giac A'B'C'D' la hinh thoi la no co hai 
dinh doi dien each ddu mat phang ( a). 

c) Chung minh rang dieu kien de tu - giac AB'C’D' la hinh chu nhat la no c6 
hai dinh ke nhau each deu mat phang ( a). 

3.44. Hinh chop tarn giac S.ABC co day la tarn giac ddu ABC canh la, co canh SC 

vuong goc vdi mat phang day {ABC) va SC = la. 
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a) Tinh goc giua SA va BC. 

b) Tinh khoang each gitfa hai diremg thing cheo nhau SA va BC. 

3.45. Cho tG didn ABCD. Chung minh ring AB vubng goc vdri CD khi va chi khi 

AC 2 + BD 2 = AD 2 + BC 2 . 


3.46. Cho hinh lap phirong AlBCD.A'B'C'D'. Hay tinh goc cua cac cap diremg thing 
sau day : 

a) AB’ va BC’ ; b)AC’vaCD'. 

3.47. Cho hai tia Ax va By vubng goc vdri nhau nhan AB lam doan vuong goc 
chung. Goi M va N la hai diem di dong lin Inert tren Ax va By sao cho 
AM + BN = MN. 

Dat AB = 2a, goi O la trung didm cua AB va H la hinh chi6'u vuong goc cua 
di^m O trdn duemg thing MN. 

a) Chung minh ring OH = a,HM = AM, HN = BN. 

b) Goi Bx' la tia song song va ciing chi£u vdi tia Ax va K la hinh chieu 
vubng goc cua H trdn mat phing {Bx, By). ChGng minh BK la phSn giac 

cua goc xBy. 

c) Churng minh diem H nim trbn mot diremg tron c6 dinh. 


3.48. Hinh thoi ABCD tarn O, co canh a va co OB = 


aS 


Trbn dGcmg thing 


vuong goc vdri mat phing {ABCD) tai O ta liy mot diem S sao cho SB = a. 

a) Churng minh tarn giac SAC la tarn giac vubng va SC vubng goc vdri BD. 

b) Churng minh (SAD) 1 (SAB), (SCB) 1 (SCD). 

c) Tinh khoang each giOa hai diremg thing SA va BD. 


CAU HOI TRAC NGHIEM 

3.49. Cho hinh hbp ABCD.A’B’CV vdri tarn O. Hay chi ra ding thurc sai trong cac 
ding thurc sau day : 

(A) AC’ = AB + AD + AA' ; (B) AB + 5C*' + CD + Wa = 0 ; 

(C) AB + AA' = AD + DD' ■ (D) AB+ BC+ CC'= AD'+ Wo+ OC'. 


151 



3.50. Cho hinh lang tru tam giac ABCA’B'C'. Dat AA' = a, AB = b, AC = c, 
BC = d. Trong cac bieu thurc vecta sau day, bieu thurc nao la dung ? 

(A )a=b+c ; (B) a + b + c + d = 0 ; 

(C) b + c - d = 0 ; (D) a + b + c =d. 

3.51. Cho tur di6n deu ABCD c6 canh bang a. Hay chi ra menh d6 sai trong cac 

menh de sau day : 

_. _„ 2 _. _. 

(A) AB. AC - —; (B) AB J. CD hay AB. CD = 0; 

(C) AB + CD + BC + DA = 0-, (D) AC.AD = AC£D. 

3.52. Hay chon menh de dung trong cac m6nh de sau day : 

(A) Cho hinh chop S.ABCD. Neu co SB + SD -SA + SC thi tu giac ABCD la 
hinh binh hanh ; 

• i 

(B) Tu - giac ABCD la hinh binh hanh neu AB = CD ; 

(C) Tu - giac ABCD la hinh binh hanh neu AB + BC + CD + DA = 0 ; 

(D) Tu - giac ABCD la hinh binh hanh n6'u AB + AC = AD. 

3.53. Hay tim menh d6 sai trong cac m6nh d£ sau day : 

(A) Ba vecta a, b, c dong phang neu co mot trong ba vecta d6 bang vecta 0 ; 

(B) Ba vecta a , b, c dong phang neu co hai trong ba vecta do cung phuang ; 

(C) Trong hinh h6p ABCD.AB'C’D’ba vecta AB', C'A', DA' dong phang ; 

(D) Vecta x = a + b + c luon lu6n dong phang vcri hai vecta a va b . 

3.54. Cho hinh lap phuang AlBCDAB'C'D' co canh bang a. Hay tim m6nh de sai 
trong nhirng menh de sau day : 

(A) \aC'\ = ay /3 ; (B) AD'.AB'= a 2 

(C)AB'.CD' = 0; (D) 2AB + Wc' + CD + Wa' = 0. 

3.55. Trong cac menh d6 sau day, menh de nao la sai ? 

(A) Cho hai vecta khong cung phuang a va b. Khi do ba vecta a, b, c 

dong phang khi va chi khi co cap so m, n sao cho c = ma + nb , ngoai ra 
cap s 6 m, n la duy nhat. 
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(B) Ne'u CO ma+nb + pc = 0 va mot trong ba so m, n, p khac 0 thi ba vecto 
a, b, c dong phing. 

(C) Ba vecto a, b, c dbng phing khi va chi khi ba vecto do cung co gia 
thubc mbt mat phang. 

(D) Ba tia Ox, Oy, Oz vubng goc vbi nhau timg dbi mbt thi ba tia do khong 
dong phang. 

3.56. Cho hai diem phSn biet A, B va mbt diem O bit ki. Hay xet xem menh de 

nao sau day la dung ? 

(A) Diem M thubc dubng thing AB khi va chi khi OM = OB = kBA. 

(B) Diem M thudc dircmg thang AB khi va chi khi OM - OB = k(OB-OA). 

(C) Diem M thuoc ducmg thang AB khi va chi khi OM = kOA + (1 - k)OB. 

(D) Diem M thuoc dubng thing AB khi va chi khi OM - OA + OB. 

3.57. Cac menh de sau, menh d£ nao dung, menh de nao sai ? 

(A) Hai ducmg thang phan biet cung vuong goc voi m6t mat phang thi song 
song voi nhau. 

(B) Hai dubng thing phan biet cung vubng goc vbi mot dubng thing thu: ba 
thi song song vbi nhau . 

(C) Hai mat phing phan biet cung vubng goc vbi mbt mat phing thu ba thi 
song song vbi nhau. 

(D) Mat phing (or) va dubng thing a cung vuong goc vbi dubng thing b thi 
song song vbi nhau. 

3.58. Hay xet su dung, sai cua cac menh de sau (vbi a, b, c la c£c dubng thing): 

(A) Neu a -L b va b -L c thi a // c ; 

(B) Neu a // b va b _L c thi a -L c ; 

(C) Neu a vubng goc vbi mat phing (a) va b song song vbi mat phing (a) 
thi a _L b ; 

(D) Ne'u a Lb, c lb va a cit c thi b vubng goc vbi mat phing (a, c). 

3.59. Cho cac menh de sau vbi (a) va (/?) la hai mat phing vubng goc vbi nhau vbi 

giao tuyen m = (a) n (/?) va a, b, c, d la cac dubng thing. Hay xet xem 

menh d£ nao dung, menh d£ nao sai ? 

(A) Ne'u a c (a) vaalm thi a 1 {ft). 

(B) Ne'u b 1 m thi b c (a) hoacb c (ft). 
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(C) Ndm c II m thi c // (a) hoac c // (0). 

(D) Nd'u d 1 m thi d 1 (a). 

3.60. Cho a, b, c la cac ducmg thing. Mdnh de nao sau day la dung ? 

(A) Nd'u a 1 b va mat phing (a) chira a ; mat phing (0) chura b thi (a) 1 (0). 

(B) Cho a 1 b va b nam trong mat phing (a). Moi mat phing (0) chura a va 
vudng goc vdri b thi (/?) _L (a). 

(C) Cho alb. Moi mat phing chura b d6u vuong goc v6i a. 

(D) Cho a II b. Moi mat phang (a) chura c trong do c 1 a va c 1 b thi deu 
vuong goc vdi mat phang {a, b). 

3.61. Chon mdnh d£ dung trong cac m6nh de sau day : 

(A) Qua mot dircmg thing, co duy nha't m6t mat phing vudng goc vdi mot 
dircmg thing khac ; 

(B) Qua mot di^rn co duy nha't mot mat phing vufing goc vdri mot mat phing 
cho trircrc ; 

(C) Cho hai duomg thing a va b vudng goc vori nhau. Nd'u mat phing (a) 
chura a va mat phing {ft) chira b thi (a) _L (/3); 

(D) Cho hai dircmg thing cheo nhau a va b dong thori alb. Luon co mat 
phing ^a) chura a de {a) lb. 

3.62. Trong cac mdnh dd sau day, mdnh de nao dung ? 

(A) Cho hai duomg thing a va b vudng goc vori nhau, nd'u mat phing (or) 
chura a va mat phing ((3) chura b thi (or) _L (J3). 

(B) Cho ducmg thing a vudng goc vori mat phing (or), moi mat phing (0) 
chura a thi (0) 1 (or). 

(C) Cho hai ducmg thing aval? vudng goc vdri nhau, mat phing nao vudng 
goc vori ducmg nay thi song song vori duomg kia. 

(D) Cho hai duomg thing cheo nhau a va b, ludn luon co mdt mat phing 
chura ducmg nay va vudng goc vdri ducmg thing kia. 

3.63. Cho tir didn ddu ABCD. Khoang each tir didm D tori mat phing (ABC) la : 

(A) Dd dai doan DG trong dd G la trong tarn ciia tarn giac ABC ; 

(B) Do dai doan DH trong do H la hinh chid'u vudng goc cua didm D tren 
mat phing (ABC); 

(C) Dd dai doan DK trong dd K la tarn duomg tron ngoai tiep tarn giac ABC ; 

(D) Do dai doan Dl trong dd / la trung didm cua doan AM ydi M la trung 
diem cua doan BC. 

Trong cac mdnh dd ndu trdn m6nh de nao la sai ? 
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3.64. Cho hinh lap phirong ABCD.A'B'C'D' canh a. 
Trong cac menh dd sau mdnh dd nao la dung ? 


(A) Khoang each tir diem A den mat phlng ( A'BD ) bang 


a 

3 


(B) Dd dai doan AC' bang a%/3 . 

(C) Khoang each tir diem A den mat phlng ( CDD'C) bang a%/2. 

3 

(D) Khoang each tir diem A dd'n mat phang ( BCC'B') bang — a. 


3.65. Khoang each giua hai canh ddi trong mot tur didn d6u canh a bang : 


(A) 


a%/2 


(B) 


aV3 


(C)f ; 


(D) 2a. 


Hay chon ket qua dung. 

3.66. Hay chon ket qua dung cua bai toan sau day : 

Hinh chop tarn giac deu S.ABC c6 canh day bang 3a, canh ben bang 2a. 
Khoang each tir dinh 5 tdi mat phang day la : 

(A) 1,5a; (B) a ; (C) a^2 ; (D) aS. 


3.67. Cac mdnh dl sau menh de nao la dung ? 

(A) Dirdng vuong goc chung cua hai dirdng thang avab cheo nhau la mot 
dircmg thang d vtra vudng goc vdi a va vxra vudng goc vdi b. 

(B) Doan vudng goc chung cua hai dircmg thing cheo nhau la doan ngln 
nha't trong cac doan noi hai didm bat ki lan lirot nlm tren hai dircmg 
thing a'y va nguqc lai. 

(C) Cho hai duemg thing cheo nhau a va b. Dircmg vudng goc chung ludn 
luon nlm trong mat phlng vudng goc vdi a va chda dirbng thing b. 

(D) Hai duemg thing cheo nhau la hai dudng thing khong song song vdi nhau. 


3.68. Cho hinh hop chu nhat ABCD.A'B'C'D' co ba kich thude AB = a, AD = b, 
AA’ = c. Trong cac ket qua sau day ket qua nao la sai ? 

(A) Dd dai duemg cheo BD’ blng Va 2 + b 2 +c 2 . 

(B) Khoang each giua hai duemg thing AB va CC' blng b. 

(C) Khoang each giua hai dudng thing BB' va DD' blng Va 2 + b 2 . 

(D) Khoang clch tir dilm A dd'n mat phlng (A'BD) blng — Va 2 + d 2 +c 2 . 
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3.69. Tim menh db sai trong cac menh d6 sau day : 

(A) Khoang each giua dubng thang a va mat phang (a) song song vbi a la 
khoang each t£r mot die’m A bat ki thuoc a tbi mat phang (a). 

(B) Khoang each giua hai dubng thang cheo nhau a va b la khoang each tit 
m6t diem M thuoc mat phang (a) chtia a va song song vdi b de'n mot 
diem N bat ki tren b. 

(C) Khoang each giua hai mat phang song song la khoang each tit mot diem 
M bat ki tren mat phang nay den mat phang kia. 

(D) N£u hai duerng thang a va b cheo nhau va vuong goc vdi nhau thi dubng 
vuong goc chung cua chung nam trong mat phang (a) chura dubng nay 
Va (a) vuong goc vbi dubng kia. 


hl/Ong dAn giAi vA dAp so 


§1. VECTO TRONG KHONG GIAN 



Hinh 3.43 

= aa'+a'b'+-¥d' 

2 


= AB + BB' + — B'D' , v.v... 

2 

b) AD + E/C' + lyA' = AD + DC + CB 

(vi Wc' = DC va Wa’ = CB)nenAD + Wc' + D^A' = AB (h.3.43). 


156 







3.2. Gia su bdn diem A, B, C, D tao thanh mot hinh binh hanh (h.3.44), ta co : 
BC = ADt=>OC-OB = OD-OA(vdi diem O bat ki) 


<=> OC + OA = OD + OB. 
Ngurgc lai gia sir ta co he thiSc : 

OC + OA=OD + OB 

<=> OC -OB = OD-OA 

&BC = AD. 

Vi A, B, C, D khbng thang hang nen 
tur giac ABCD la hinh binh hanh. 




1 1 —- —* C 

= - (AM + BN) 

2 k Hinh 3.45 


vi AC = —.AM va BD = -.BN . 
k k 

Dong thori AM = AP + PM va BN = BP + PN , nen 
PQ = — (PM + RN) v\AP + BP = 0. 

vay PQ = —PM +—~PN. 

2k 2k 

Do do ba vecto PQ , PM , PN dong ph&ng (h.3.45). 
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3.4. Goi G va G' l£n luot la trong tam cua tam giac ABC va tarn giac MNP 
(h.3.46). Ta co : 

GG' -GA + ~AM + ~MG’ 


+ GG' = GB + BN + NG' 


GG' = GC + CP + PG' 


3 GG' = (GA + GB + GC) + (AM + BN + CP) + (MG' + NG' + PG '). 


Vi G la trong tam cua tam giac ABC n6n 
GA + GB + GC = 6 va G' la trong tam cua tam 
giac MNP nen MG' + NG' + PG' = 0 . 

Dodo: 3 GG' = AM+ ~BN+ CP 
hay GG' = ^(AM + ~BN + CP) = ^ AA'. 


Vi diem G c6 djnh va ^ vecto khong 

doi nen G' la dilm co dinh. Vay mat phang 
(MNP) luon ludn di qua diem G’ co dinh. 



3.5. Ta co BB' = BA + AB', DD' = DA + AD' (h.3.47). 
Dodo BB' + DD' =(BA + DA)+ (AB'+ AD'). 

ViBA = CDvaAB' + AD' = AC' 

nen BB' + DD'= (CD + DA) + AC'. 

Vay BB' + DD' = CA + AC' = CC'. 

He thirc BB' + DD' = CC' bidu thi su d6ng 
phang cua ba vecto BB', CC', DD'. 



3.6. Lay dig’m O co dinh roi dat OA\ = ay , OBy = by, OCy = Cy, ODy = dy (h.3.48). 
Dieu kien cSn va du dd tir giac AyByCyDy la hinh binh hanh la 
ay + Cy =by+ dy (theo bai tap 3.2) (1). 
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Dat 0A 2 = a 2 , 0B 2 = 0C 2 = c 2 , 

0D 2 = d 2 . Di£u kifn cin va du di tir 
giac A 2 B 2 C 2 D 2 la hinh binh hanh la : 

<?2 + c 2 = ^2 + ^2 (2). 

Dat 04 = 3, 0B = b,0C = c,0D = d. 

A A -* -* 

Taco-L = 3 => AA\=-3AA2 

aa 2 

<=> 0^-04 = -3(04^-04) 

<=> 3j - 3 = -3(3 2 -3) 

<=> 3 = ~0\ +3 a 2 ). 





Hinh 3.48 


Tirong tir: b = -^(b [ + 31^), c = ^-(q +3 c 2 ), 3 = -^-(3j +3 d 2 ). 

, _ _ l _ i _ _ i _ _ 3 

Ta co a + c — — + 3<?2) + “ (cj + 3c 2 ) = ~ ) + — (a 2 + c 2 ) 


va b + d = ^-(3j +33 2 ) + ^-(3 j +33 2 ) = +3 1 ) + ^-(3 2 +3 2 ). 

Tir (1) va (2) ta co 3 j+Cj=6|+3j va 3 2 +c 2 = 3 2 +d 2 nen suy ra : 

a + c ~ b + d <=> OA + OC = OB + OD 
<=> tu giac ABCD la hinh binh hanh. 

3.7. a) Ta co : PP'= -AD , QQ' = -DA ', 

2 2 

flfi' = -Z4 (h.3.49). 

2 

vay PP / + 0G / + ^* / =-(^4D + O4 / + Z4) = 0. 

Hinh 3.49 
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b) Goi G va G' lan lircrt la trong tarn cac tarn giac PQR va P'Q'R'. 
Theo cau a) ta c6 PP' + QQ' + RR' = 0. 

Dodo ( PG + GG' + G F P , ) + (QG + GG' + G 7 Q') + {RG+ GG'+ GR') = 

<=> (PG+QG + ~^) + iGG' + {G r P' + G F Q , + G 7 R') = 0 
--,---' ' . 

0 0 

<=> 3 GG' - 0 => G trung vdi G’. 

Vay hai tarn giac PQR va P’Q’R’ co cung trong tarn. 


§2. HAI DUONG THANG VUONG GOC 


3.8. Taco (h:3.50): 

GD.GA + GD.GB + GD.GC = GD .(GA + GB + GC) 


= GD. 0=0 

(Vi G la trong tarn cua tarn giac ABC nen 
GA + GB + GC = 0). 

3.9. Ta din chumg minh AB. CD = 0 (h.3.51). 
Dat AB = b, AC = c, AD = d. Ta co : 


1 


1 


MN = MA + AN =--AC + -(AB + AD). 

2 2 



Suy ra MN = ^(b + d-c). 

QP = QA + AP 

= - ^AD + ^(AB + AC) 

= ^(b + c-d). 



Hinh 3.51 
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TO 


—2 —-2 

Theo gia thi6't ta c6 MN = PQ <=> M/V = QP ■ 

(b + d-c) 2 =(b + c-d ) 2 « b.d-b.c -d.c = b.c -b.d-c.d 

<=> 2b.d-2b.c = 0 
<=> b.(d-c ) - 0 
<=>AB.(AD-AC) = 0 
<=>AS.CX>=0<=>AS±C£>. 


3.10. Ta trnh cosin cua goc giCra hai vector SC va AS. Ta co 

SC.AS (SA +AC). AS SA.AS +AC.AS 


cos (SC, AS) = 


SC . AS 


a 


a 


Theo gia thiet ta suy ra hinh chop co cac tarn giac d6u la SAB, SAC va cac tarn 
giac vudng la ABC vu6ng tai A va SBC vudng tai S. 

s 

___, 2 

Do do SA.AB ~ a. a .cos 120° =- 


va AC.AB = 0. 


a 


Vay cos (SC, AS) = —— 


+ 0 


a 


2 


hay (SC,AS)= 120° (h.3.52). 

VSy goc giira hai vecto AS va SC bang 120° 



Hinh 3.52 


B 


3.11. Cachthunha't 

D6 thay tarn giac ABC vuong tai A nen 
AC.AB = 0(h. 3.53) va tarn giac SAB d6u 
nen (SA, AS) = 120°. 

SCAB = (SA + AC).AB = SA.AB +AC.AB 

1111 2 

= | sa |.| as |. cos 120 ° =-—. 

2 


S 



Hinh 3.53 


11.BT.HlNHHOC11(C)-A 
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=> cos(SC,AB ) = 


SCAB 

Sc|.K? 




Do do goc giua hai dirdng thang SC va AB bang 60°. 

Cach thu hai 

Goi M, N, P lan lircft la trung diem cua SA, SB, AC. D6 tfnh goc giua hai 
dudng thang SC va AB, ta can tinh NMP. 

Ta co NB = MP = — > SP 2 = — > BP 2 =— ; 

2 4 4 

BP 2 + SP 2 = 2NP 2 + — => NP 2 = — ■ 

2 4 

Mat khac NP 2 = NM 2 + MP 2 -2MN.MPcosNMP 


=> cos NMP = -4— = -1 => NMP = 120°. 

2 - —•— 2 
2 2 


Vay goc giOa hai dirdng thang SC va 
AB bang 60°. 

3.12. Gia sir a // b va c _L a. La'y diem O 
bat ki tren c, ke a' // a qua O suy ra 

cOa - 90°. D6 thay a' // b nen cOa 
chfnh la goc giCra hai dudng thang c va 
b, do do c 1 b (h.3.54). 

3.13. Tur gia thiet suy ra tur giac ABCD la 
hinh thoi, do do AC 1 BD (h.3.55). 

D6 thay mat cheo BDD'B' cua hinh 
hop da cho la hinh binh hanh, do do 
BD II B'D'. Tur do, theo bai 3.12 suy ra 
AC 1 B'D’. 



Hinh 3.54 



Hinh 3.55 

11.BT.HINHHOCl1(C)-B 
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3.14. Truac het ta de thay tii giac A'B'CD la hinh 
binh hanh, ngoai ra B'C = a = CD nen no la 
hinh thoi. Ta chirng minh hinh thoi A'B'CD 
la hinh vuong (h.3.56). That vay, ta co : 

CB' .CD = (CB + ~BB')HA = CB.BA + BB’.BA 



Vay td giac A ’BCD la hinh vudng. 

3.15. PQ = PA + AC + CQ ; (1) 

Tq = ~PB + ~BD + ~DQ. (2) 

Cong tirng ve (1) va (2) ta co 
2PQ = AC + BD (h.3.57). 

Suy ra 2PQAB = AC.AB + ~BD~AB = 0 
hay PQ.AB = 0, tile la PQ C AB. 


A D 



A 



§3. DUONG THANG VUONG GOC VOl MAT PHANG 


AA 1(a) 

3.16. , [z^AA’/IBB’. 

BB'1(a)] 

Mat phang (AA’, BB') xac 
dinh boi hai dirdng thang 
song song AA\ BB’ cat mat 
phang (a) theo giao tuyen 
qua O, A \ B'. Do do ba diem 
0,A’, B’ thing hang. 

Hai tarn giac vuong OAA’ v a 
OBB’ bang nhau vi co mot 
canh huy^n va mot goc nhon 
bang nhau nen tur do ta suy 
raAA' = BB' (h.3.58). 


A 
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3.17. Hai mat phang (or) va (/ 3) khong the trung nhau vi neu chung trung nhau thi 
tit mot diem C ta dung dupe hai ducmg thang CA, CB cimg vuong goc voi m6t 
mat phang, dieu do la vo If (h.3.59). 

Mat khac (a) va (/ 3) cung khPng song song vcri nhau. Vi neu {a) // (/?). thi tur 
CB 1 (/3) ta suy ra CB A (a). 


Nhu vay tCr mot diem C ta dung dupe 
hai dudmg thang CA, CB cung vuong 
goc vcri (a), dieu do la vd If. 

Vay (or) va (J3) la hai mat phang khong 
trung nhau, khdng song song vdi nhau va 
chung phai cat nhau theo giao tuyen d, 
nghia la d = ( a ) n (ft). 


d c (a) 1 
CA 1 (a)} 
1 

CB 1 (P)} 


=>CA Ad 


\=>dA(ABC). 


^CB Ad 


3.18. a) BC A AH va BC A A'H vi A'H A {ABC) 
=> BC A {A 'HA) BC AAA' 

vaB'C' AAA'viBC // B’C'. 

b) Ta co AA'I! BB' II CC' ma BC A AA' 
nen til giac BCCB' la hinh chu nhat. Vi 
AA' II {BCCB') nen AA' II MM' va vi 
AA' A BC nen ta suy ra MM' A BC va 
MM' A B'C hay MM' la dudng cao cua 
hinh chu nhat BCCB' (h.3.60). 

3.19. Ta co SA A {ABC) => SA A DC c {ABC). 

Vi AC va BD cat nhau tai trung diem O 
cua m6i doan nen til giac ABCD la hinh 
binh hanh va ta co AB II DC. Vi 
AB A AC nen CD A CA. Mat khac ta co 
CD A SA, do do CD A {SCA) (h.3.61) 


c 



A' 



Hinh 3.60 


S 



Hinh 3.61 
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3.20. a) Tam giac ABC can dinh A va co / la 
trung diem cua BC nen Al 1 BC. Tirang 
tu tarn giac DBC can dinh D va co / la 
trung diem cua BC ndn Dl 1 BC. Ta 
suy ra : 

BC 1 (AID) nen BC i. AD. 

b) Vi BC _L (AID) nen BC i. AH. 

Mat khac AH 1 ID nen ta suy ra AH 
vudng goc vdi mat phang (BCD) (h.3.62). 


A 



3.21. Phan thuan. Neu MA = MB = MC 
nghla la M each deu ba dinh cua tarn 
giac ABC va MO vuong goc vdi mat 
phang (ABC) thi ta co ba tarn giac 
vudng MO A, MOB, MOC bang nhau. 

Tir do ta suy ra OA = OB = OC nghla la 
A, B, C nam tren dudng tron tarn O 
ngoai tiep tarn giac ABC. Vay diem M 
each deu ba dinh cua tarn gi^c ABC thi 
nam tren dudng thang d vudng goc vdi 
mat phang (ABC) tai tarn O cua dudng 
tron ngoai tiep tarn giac ABC (h.3.63). 

Phan dao. Neu ta lay mot die-m M bat ki thuoc dudng thang d noi tren thi ta co ba 
tarn giac vudng MO A, MOB, MOC bang nhau. Do do ta suy ra MA - MB = MC 
nghla la diem M each dlu ba dinh cua tarn giac ABC. 

Ket luan. Tap hop nhung di^m each dlu ba dinh cua tarn giac ABC la dudng 
thang d vudng goc vdi mat phang (ABC) tai tarn O cua dudng tron (C) ngoai 
tidp tarn giac ABC do. Ngudi ta thudng goi dudng thang d la true cua dudng 
trdn (C). 



Hinh 3.63 


§4. HAI MAT PHANG VUONG GOC 


3.22. Theo gia thiet cac mat cua hinh hdp deu la hinh thoi (h.3.64). 
Ta co ABCD ia hinh thoi ndn AC 1BD. 

Theo tinh chat cua hinh hop : BD // BD', do do AC 1 BV. 
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Chung minh tuong tu ta dupe 
AB’ ±CD',AD' ±CB'. 

Hai mat phang ( AA’C’C ) va ( BB'D'D) 
vuong goc vdi nhau khi hinh hdp 
ABCD.A’B'C’D' la hinh lap phuong. 

3.23. Hai tam giac ABC va BAD bang 
nhau (c.c.c) nen c6 cac dudng trung 
tuyen tuong ling bang nhau : 

CM = DM (h.3.65). 

Ta co tam giac MCD can tai M, do 
do MN 1 CD vi N la trung diem cua 
CD. Tuong tu ta chiing minh dupe 
NA = NB va suy ra MN 1 AB. Mat 
phang (CDM) khPng vuong goc vdi 
mat phang (ABN) vi (CDM) chda 
MN vuPng goc vdi chi mpt ducmg 
thang AB thuoc (ABN) ma thoi. 

3.24. Ve AH 1 (BCD) tai H, ta co 
CD _L AH va vi CD T AB ta suy ra 
CD 1 BH. Tuong tu vi BD 1 AC ta 
suy ra BD _L CH (h.3.66). 

Vay H la true tam cua tam giac BCD 
tire la DH 1 BC. 

Vi AH 1 BC nen ta suy ra BC A. AD. 

Cach khac. Trude het ta hay chirng 
minh he there : 

AB .CD + AC .DB + J5 .BC =0 
vdi bon diem A, B, C, D bat ki. 

There vay, ta co : 



Hinh 3.64 

A 



A 



AB. CD = AB. (AD - AC) - AB. AD - AC . AB (1) 

AC. DB = AC(AB-AD) = AC.AB-AC.AD (2) 

AD. BC = AD.(AC-AB) = AD.AC-AD.AB (3) 
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(l) + (2) + (3)<=> AB.CD + AC.DB + AD.BC =0 (4) 

Do do neu AB A. CD nghla la AB. CD - 0, AC A. BD nghla la AC. BD = 0 
tir he thurc (4) ta suy ra AD. BC = 0, do do AD A. BC. 


3.25. Vi AD 1 (ABC) nen AD 1 BC. Ngoai ra 
BC A. AB nen ta co BC 1 (ABD) (h.3.67). 

VI mat phang (BCD) chda BC ma BC _L (ABD) 
nen ta suy ra mat phang (BCD) vudng goc 
vdi mat phang (ABD). 

Hai mat phang (BCD) va (ABD) vuong goc 
vdi nhau va co giao tuyen la BD. Duong 
thang AH thudc mat phang (ABD) va vuong 
goc vdi giao tuyen BD nen AH vuong goc 
vdi mat phang (BCD). 

3.26. a) Goi O la tarn cua hinh thoi, ta co AC A. BD 
tai O (h.3.68). 

Vi SA = SC nen SO 1 AC. 

Do do AC vuong goc vdi mat phang (SBD). 

Ta Suy ra mat phang (ABCD) vudng goc vdi 
mat phang (SBD). 

b) Ba tarn giac SAC, BAC, DAC bang nhau 
(c.c.c) nen ta suy ra OS = OB = OD. Vay 
tarn giac SBD vudng tai S. 

3.27. a) Ta co AB = AD - AA' = a 

va CB = CD = CA’= ay/2 (h.3.69). 

Do do theo bai 3.21, vi hai diem A va C’ 
each ddu ba dinh cua tarn giac ABD nen A 
va C' thuoc true dudng tron ngoai tiep tarn 
giac BDA'. Vay AC' A. (BDA 1 ). Mat khac, vi 
mat phang (ACC'A') chua dudng thang AC' 
ma AC' A. (BDA') ndn ta suy ra mat phang 
(ACC'A') vudng goc vdi mat phang (BDA'). 


D 



S 



Hinh 3.68 


B C 
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b) Ta co ACC' la tarn giac vuong co canh AC = a^2 va CC' = a. 

\ 

Vay AC' 2 = AC 2 + CC' 2 => AC' 2 = 2a 2 +a 2 = 3a 2 . 

Vay AC' = ajl. 


3.28. a) Vi S.ABC la hinh chop d6u nen A ABC 
la tarn giac deu va co SA - SB = SC. Do do 
khi ta ve SH 1 (ABC) thi H la trong tam 
cua tam giac deu ABC va ta co AH 1 BC. 
Theo dinh If ba dubng vuong goc ta co 
SA 1BC (h.3.70). 

Chumg minh tuong tu ta co SB ± AC va 
SC 1AB. 

b) Vi BC 1 AH va BC 1 SH nen BC 1 (SAH). 

Chumg minh tuong tu ta co CA 1 ( SBH) 
va AB _L (SCH). 


S 



3.29. a) Goi A' la giao diem cua AH va BC. Ta 
cSn chung minh ba diem 5, K, A' thang 
hang (h.3.71). 

Vi H la true tam cua tam giac ABC nen 
AA’ ± BC. Mat khac theo gia thiet ta co : 
SA _L (ABC), do do SA ± BC. Tit do ta suy 
ra BC 1 (SAA-) va BC 1 SA'. Vay SA' la 
duemg cao cua tam giac SBC nen SA' phai 
di qua true tam K. Vay ba dubmg thang 
AH, SK va BC dong quy. 

b) Vi K la true tam cua tam giac SBC nen 
BK1SC. (1) 


5 



Mat khac ta co BH 1 AC vi H la true tam cua tam giac ABC va BH ± SA vi 
SA 1 (ABC). 

Do do BH 1 (5AC) nen BH 1 SC. (2) 

Tir (1) va (2) ta suy ra SC 1 (BHK). Vi mat phang (5AC) chura SC ma 
SC 1 (BHK) nen ta co (SAC) 1 (BHK). 
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c) Ta co 


BC 1 (SAA'), do do BC 1 HK 
SC 1 (BHK), do do SC 1 HK 


=>HK±(SBC) 


mat phang ( BHK) chua HK ma HK 1 (SBC) nen ( BHK) 1 (SBC). 


BC ±AB\ 

3.30. a) \ =>BC 1 (SAB) (SBC) 1 (SAB) (h.3.72). 

BC 1SA J 

b) AH 1 SB ma SB la giao tuyen cua hai mat phang vuOng goc la (SBC) va 
(SAB) nen AH 1 (SBC) . 

S 

c) Xet tarn giac vuong SAB vcfi dudng 
cao AH ta co : 

1 1 1 _ J_ 1 _ 3 ° 

AH 2 AS 2 + AB 2 a 2 + 2 a 2 2 a 2 

A 

W- MJ 0 ^6 

Vay AH = • 

d) Vi OK 1 (SBC) ma AH 1 (SBC) nen 

OK II AH, ta co K thudc CH. Hinh 3.72 

0 K-“L=di. 

2 6 



3.31. a) Goi / la giao diem cua mat phang 
(a) voti canh SC. Ta co (a) J. SC, 

Al c (a) => SC 1 AJ. Vay AI la dudng 
cao cua tarn giac vuong SAC. Trong 
mat phang SAC, dirbng cao Al cat SO 
tai K va AI c (a) n6n K la giao diem 
cuaS0vcri(a). 

BD 1 /\C] 

b) Ta co ? => BD J. (&4C). 

BD ISA \ 

=>BD 1 SC. 

Mat khac BD c (SBD) nen (SBD) 1 (SAC). 



Vi BD ISC va (a) 1 SC nhimg BD khong Hinh 3.73 

chura trong (a) nen BD // (d) (h.3.73). 
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c) Ta CO K = SO n ( a ) va SO thuoc mat phang ( SBD) nen K la mdt di£m 
chung cua ( a ) va (SBD). Mat phang (SBD) chtia BD // (a) nen cat (a) theo 
giao tuyen d II BD. Giao tuyd'n nay di qua K la di£m chung cua (a) va (SBD). 
Goi-M va N lan ltrcft la giao diem cua d vdi SB va SD. Ta dupe thiet didn la tit 
giac AMIN cd dtfdng cheo Al vuong goc vdi SC va dirdng cheo MN song song 
vdi BD. 


CD 1 AD 

3.32. a) Ta cd > => CD 1 (SAD) 

CD 1 SA j 

=> (SCD) 1 (SAD) (h.3.74). 

Goi / la trung di£m cua doan AB. Ta 
co A1CD la hinh vudng va IBCD la 
hinh binh hanh. Vi DI // CB va 
DI 1 AC ndn AC 1 CB. Do do 
CB 1 (S/4C). 

Vay (SBC) 1 (SAC). 

- - SA 

b) Ta cd SC A => tan (p= - 

AC 



Hinh 3.74 



aj2 2 


c) 


DI 1 AC.l 
DI ISA} 


=> DI 1 (SAC). 


Vay (a) la mat phang chira SD va vudng goc vdi mat phang (S/4C) chfnh la 
mat phang (SDI). Do do thiet didn cua (a) vdi hinh chop S.ABCD la tarn giac 
d£u SDI cd chidu dai mdi canh bang aj2 . Goi H la tarn hinh vudng AICD ta 

cd SH L DI va SH = . Tam giac SDI cd didn tfch : 


Sasd,=\sh.di, 1 - 


a^6 ay f2- a2y ^ 


§5. KHOANG CACH 


3.33. Diem A each deu ba dinh cua tam giac deu A'BD vi ta cd AB = AD = AA' = a, 
didm C' cung each ddu ba dinh cua tam giac ddu do vi ta cd : 

C'B - C'D = C'A' = ay/2 . 
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Vay AC' la true cua dtrdng tron 
ngoai tiep tam giac A'BD, tdc la 
dtrdng thang AC’ vuong goc vdi mat 
phang {A'BD) tai trong tam I cua 
tam giac A'BD. Ta can tim khoang 
each A’l (h.3.75). 

Ta co A'l = BI = DI = - A’O vdi O 

3 

la tam cua hinh vudng ABCD. 

JS 

Talai coA'0 = BD — 

2 


« c 



Hinh 3.75 


vay 



2 aV6 

3 ~ 


a-J 6 


Tuong tir di6m C' each d6u ba dinh 
cua tam giac d6u CB'D', tfnh duoc 
khoang each tir C, B\ D' toi duerng 
cheo AC'. 


3.34. a) Goi O la tam hinh vuong ABCD, 
d§ thay /, O, K thang hang (h.3.76). Vi 
K la trung di6m cua BC n6n SK _L BC. 


BC J. SK 

Ta co 

BCIOK 


=> BC 1 (SIK). 


S 



Hinh 3.76 


Do do (SBC) 1 (SIK). 

b) Hai dtrdng thang AD va SB cheo nhau. Ta co mat phang (SBC) chura SB va 
song song vdi AD. Do do khoang each giOra A.D va SB bang khoang each giua 
AD va mat phang (SBC). Khokig each nay bang khoang each tit diem / dfin 
mat phang (SBC). 

Theo cau a) ta co ( SIK) ± (SBC) theo giao tuyen SK va khoang each can tim la 
IM, trong do M la chan dtrdng vuong goc ha tir I tdi SK. Dua vao he thde 

SO IK 

IM.SK = SO.IK, ta co IM =——■ 
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Talaico: SK 2 =SB 2 -BK 2 = 2a 2 - — =P— => SK = 


va SO 2 =SA 2 -OA 2 = 2a 2 - 


ayf 2 


\2 ^ 
3a 2 


v 2 , 


50 = 


2 

uV3 _ a 

VT = “ 


^ ^ SO.IK aS ajl aj 42 

Do do /M =-=- a : 




7 


i - uV 42 

Vay khoang each giua hai dubmg thang AD va 5B la bang 


7 


V6 

2 


3.35. a) Ta co B'C ± BC' vi day la hai dubmg cheo cua hlnh vudng BB'C'C 
(h.3.77). 

Ngoai ra ta con co : A'B' 1 {BB'C'C) => A'B' 1 BC’. 


Tit do ta suy ra BC’ 1 ( A’B’CD) vi mat 
phang ( A'B'CD) chura dubmg thang A'B' 
va B'C cung vudng goc vdi BC'. 

b) Mat phang ( AB'D') chufa dubmg thang 
AB' va song song vdi BC', ta hay tim hinh 
chieu cua BC' tren mat phang {AB'D'). 
Goi E, F lSn luot la tarn cac hinh vuong 
ADD’A’, BCC’B’. Ke FH 1 EB’ vdi 
HsEB', khi do FH nam tren mat phang 
{A'B'CD) nen theo cau a) thi FH _L BC' 
hay FH 1 AD’. Vay FH 1 (. AB'D *), do do 
hinh chieu BC' tren mat phang (AB'D') la 
dubmg thang di qua H va song song vdi 
BC'. Gia sir dubmg thang do cat AB' tai K 
thi tit K ve dubmg thang song song vdi 
HF cat BC' tai L. Khi do KL la doan 
vuong goc chung can dung. Tam giac 
B'EF vudng tai F nen tur edng thuc 

-—- = —- +-- taunhduoc 

FH 1 FE 1 FB' 2 


D’ c 



KL = FH = 


"T~ 
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Nhan xet. Do dai doan vuong goc chung cua AB' va BC’ bang khoang each 
giua hai mat phang song song (AB'D') va {BCD) l&n luot chira hai dudng 


thang do. Khoang each nay bang — A'C = 


ay /3 
3 


3.36. a) Vi ABCD la nira luc giac d6u noi tiep trong dirdng tron dirdng kinh AD = 2a 
n£n ta co : AD // BC va AB = BC - CD = a, ddng thdi AC 1 CD, AB 1 BD, 
AC = BD = ay /3 (h.3.78). 

CD 1 AC] 

Nhir vay > => CD 1 (5AC). 

CD ISA J 

Trong mat phang ( SAC) dung AH 1 SC 
tai H ta co Adi A. CD va AH A. SC nen 
AH 1 (SCD). 

Vay AH = d {A, (SCD)). 

Xet tarn giac SAC vudng tai A co AH 
la dudng cao, ta co : 

1 _ 1 1 

AH 2 SA 2 + AC 2 

I 1 1 Hinh 3.78 

” (ay! 6) 2 + (ayf: 3) 2 2a 2 
Vay A// 2 = 2a 2 =>A// = a^fl. 

Goi I la trung didm cua AD ta co Bl // CD nen Bl song song vdi mat phang 
(SCD). Tir do suy ra d(B, (SCD)) = d(I, (SCD)). 

Mat khac AI cat (SCD) tai D ndn 

d(I, (SCD)) = 2 d(A, (SCD)) =2. aj2= ' 

ay/2 

Do do : d(B, (SCD)) = —— ■ 

b) Vi AD II BC nen AD // (SBC), do do d(AD, (SBC)) = d(A, (SBC)). 

Dung Ad 1 BC tai E => BC 1 (SAE). 
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AF1SE 1 

Dung AF1SE tai F ta co : L => AF1 (SBC). 

AF 1 BC (vi BC 1 (SAE))\ 

Vay AF = d(A,(SBC)) = d(AD, (SBC)). 

_ /T 

Xet tam giac vuong AEB ta co : AE = AB sin ABE = a sin 60° = —- 

2 

Xet tam giac SAE vuong tai A ta co : 

_L-J_ 1 _ 1 1 9 

AF 2 SA 2+ AE 2 (a'fc) 2+ ( 6q2 


ac -2 6a 2 ay/6 

Do do AF = - => AF = - 


Vay d(AD, (SBC)) = AF = 


ay /6 


3.37. Gia thiet cho ABCD la td dien deu 
nen cac cap canh ddi dien cua td dien 
do co vai tro nhu nhau. Do do ta chi 
can tinh khoang each giua hai canh AB 
va CD la du (h.3.79). 

Goi I va K Mn luot la trung di^m cua 
AB va CD. D6 tha'y IK la doan vudng 
goc chung cua AB va CD nen no chinh 
la khoang each giua AB va CD. 

Tam giac BKI vudng tai I. Ta co : 



IK 2 = BK 2 -BI 2 = 


ayfi 


vay IK = 


ayfl 


Hinh 3.79 


3.38. Goi I va K lan luot la trung diem cua AB va CD (h.3.80), ta co IK la doan 
vudng goc chung cua AB va CD va do dai doan IK la khoang each c^n tim : 
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IK 2 = BK 2 - Bl 2 = BK 2 - — 

4 

ma BK 2 = BC 2 -CK 2 =a 2 - — ■ 

4 

VSy IK 2 =a 2 - P +q • 

4 

Do do IK = -^4a 2 -(p 2 + q 2 ) 
vdi di6u kien 4 a 2 -(p 2 + q 2 ) > 0. 


A 



C 

Hinh 3.80 


3.39. a) SG la true duong tron ngoai 
tiep tam giac deu ABC nen 
SGI (ABC) (h.3.81). Taco 

SG 2 =SA 2 -AG 2 



= 4a 2 - 3a 2 = a 2 . 


Vay khoang each tir 5 tdi mat 
phang (ABC) la do dai cua doan 


SG = a. 


S 



B 

Hinh 3.81 


b) Ta co CG _L AB tai H. VI GH la doan vuong goc chung cua AB va SG , do do 

1 S WS A Clyfi 

HG = — HC ma HC - - nen HG =- 

3 2 2 


3.40. a) Goi / la trung di£m cua canh BC. Theo gia thiet ta co Al A. (A'BC) va 

AjCI = 60°. Ta biet rang hai mat phang (ABC) va (.A'B'C *) song song vdi nhau 
nen khoang each giua hai mat phang chinh la khoang c£ch Al (h.3.82). 

V3 ay/3 

Do do Al = /L4'.sin60 = a’— = —— 
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B'C'IA'I) 
b) B'C' 1AI] 


=> B'C 1 (AIA 1 ) 


^B'CIAA' 


Ma A4 7/ BB' // CC' nen B'C'IBB'. 

Vay mat ben BCC'B' la mot hinh 
vuong vi no la hinh thoi co mot 
goc vuong. 


A C 



Hinh 3.82 


CAU HOI VA BAI TAP 6n TAP CHl/ONG III 


3.41. a) Dung 

b) Dung 

d) Sai 

e) Sai 

3.42. a) Sai 

b) Sai 

c) Dung 

d) Sai. 


3.43. a) Ta co hai mat phang song song la : 
(Ax, AD) // (By, BC). 

Hai mat phang nay bi cat boi mat 
phang (P) n6n ta suy ra cac giao tuyfin 
cua chung phai song song nghla la 
A'D'II B'C' (h.3.83). 

Tucmg tu ta chung minh dircrc 
A’B’ // D'C'. Vay A'B'C'D' la hinh binh 
hanh. Cac hinh thang A4'C'C va 
BB'D'D d^u co 00' la ducmg trung 
binh trong do O la tarn cua hinh 
vubng AiBCD va O' la tarn cua hinh 
binh hanh A 'BCD'. Dodo: 

AA' + CC' = BB' + DD' = 200'. 


c) Sai 
f) Dung. 



b) Muon hinh binh hanh A'B'C'D' la hinh thoi ta can phai co A'C' _L B'D'. Ta 
da co AC A. BD. Ngircri ta chung minh dupe rang hinh chieu vuong goc cua 
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mot goc vuong la mot goc vuong khi va chi khi goc vuong dem chieu co it 
nhat mot canh song song vdi mat phang chidu hay nam trong mat chieu. Vay 
A'B’C'D' la hinh thoi khi va chi khi A'C' hoac B'D' song song vdi mat phang 
(u) cho trade. Khi do ta co AA' = CC' hoac BB’ = DD'. 

c) Muon hinh binh hanh A’B'C'D’ la hinh chiJ nhat ta can co A'B' JL B'C\ nghla 
la A'B' hoac B'C' phai song song vcti mat phang (a). Khi do ta coAA' = BB' hoac 
BB' = CC’, nghTa la hinh binh hanh A'B’C’D' co hai dinh kd nhau each deu mat 
phang ( a ) cho trade. 


3.44. a) Goi H la trung diem ciia doan 
BC (h.3.84). Qua A ve AD song 
song vdi BC va bang doan HC thi 

goc giOa BC va SA la goc SAD. 
Theo djnh li ba dirdng vuong goc, 
ta co SD _L DA va khi do : 


cos SAD = 


AD 

5A 


Ta 

HC 2 _ V2 

SA laji 4 


5 



Vay goc giOa BC va SA dirge xac 


dinh sao.cho cos SAD - 


V2 

4 


Hinh 3.84 


b) Vi BC II AD nen BC song song vdi mat phang (SAD). Do do khoang each 
giGa SA va BC chtnh la khoang each tuf dirdng thang BC den mat phang (SAD). 

Ta ke CK 1 SD, suy ra CK 1 (SAD), do do CK chinh la khoang each noi 
tr6n. Xet tarn giac vudng SCD vdi dirdng cao CK xuat phat tir dinh goc vuong C 
ta co h6 thde : 


1 _ 1 1 1 _ 1 

CK 2 SC 2 CD 2 CK 2 (Ta) 2 


(vi CD = AH = 


BCS 

2 


TaS 

2 


1 



>2 


J 


Do do-- =-7 +-r 

CK 2 49a 2 3.49a 2 


3 + 4 
3.49a 2 


— 1 — • Vay CK= ayfli. 
21 a 2 


12.BT.HINHHOC11(C)-A 
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C3f’ Chu y. Neu ke K1 // AD va ke 1JII CK thi IJ la doan vuong goc chung cua SA 
va BC. 


3.45. Gia sir AB _L CD ta phai chung minh AC 2 + BD 2 = AD 2 + BC 2 (h.3.85). 
That vay, ke BE BCD tai E, do AB BCD ta suy ra CD _L (AB£) nen 
CD _L AE. Ap dung djnh li Py-ta-go cho cac tam giac vuong AEC, BEC, AED 
va BED ta co : 


AC 2 =AE 2 +CE 2 
BD 2 = BE 2 + ED 2 
BC 2 = BE 2 + EC 2 
AD 2 =AE 2 + ED 2 . 

Tir do ta suy ra AC 2 + BD 2 = AD 2 + BC 2 . 
Ngvroc lai neu tu: dien ABCD co 
AC 2 + BD 2 = AD 2 + BC 2 thi : 


A 



Hinh 3.85 


AC 2 - AD 2 = BC 2 - BD 2 . 

Neu AC 2 - AD 2 = BC 2 - BD 2 = k 2 thi trong mat phing (ACD) die’m A thudc 
dircrng thang vuong goc vdi CD tai di6m H tren tia ID vdi / la trung di^m 

2 k 2 

cua CD sao cho IH = - 

2 CD 

Tuong tu di6m B thuoc dudng thang vuong goc vdi CD cung tai diSm H noi 
tren. Tir do suy ra CD vuong goc vdi mat phang (ABET) hay CD _L AB. 


Neu AC 2 -AD 2 = BC 2 - BD 2 = -k 2 thi ta co 


AD 2 - AC 2 = BD 2 - BC 2 = k 2 va dua vg truong hcrp xet nhu tren. 


Chu y . Tijf ket qua cua bai toq^i tren ta suy ra : 

Tii dien ABCD co cac cap canh doi dien vuong goc vdi nhau khi va chi khi 
AB 2 + CD 2 = AC 2 + BD 2 = AD 2 + BC 2 . 
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3.46. a) Ta co AB' // DC'. Goi a la goc 

giGa AB' va BC', khi do a = DCB 
(h.3.86). 

Vi tam giac BC'D deu n6n a = 60°. 
b) Goi 0 la goc giGa AC' va CD'. 

Vi CD’ IC'D va CD' 1 AD 
(do AD 1 (CDD'C 7 )), 
ta suy ra CD' _L ( ADC'B'). 

Vay CD' 1 AC hay 0 = 90°. 


B 1 C 



Chu y. Ta co the chGng minh 0 = 90° bang each khac nhir sau : 

Goi / va K lan Inert la trung di^m cua cac canh BC va A'D'. Ta co 
IK II CD'. D6 dang chGng minh dirge AlC'K la m6t hinh binh hanh co bon 
canh bang nhau va do la mot hinh thoi. Vay AC' A. IK hay AC' A. CD' va 

0 = 90°. 


3.47. Theo gia thiet ta co M va N la hai 
di^m di dong lan lirgt tren hai tia Ax 
va By sao cho AM + BN = MN 
(h.3.87). 

a) Keo dGi MA m6t doan AP = BN, 
ta co MP - MN va OP = ON. 

Do do NOMP = NOMN (c. c. c) 

=> OA = OH nen OH = a. 

> Ta suy ra HM = AM va HN - BN. 

b) Ggi M’ la hinh chieu vubng goc 
cua didm M tren mat phang 
( Bx, By) ta co : 

HKII MM'vdiK e NM'. 



Khi do 


KM' _ HM 
KN ~ HN 


AM 

BN 


BM’ 

BN 


Do do doi veri tam giac BNM’ duong thing BK la phan giac cua goc x'By. 
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c) Goi (fy la mat phang ( AB , BK). Vi HK // AB nen HK ndm trong mat phang 
(ft) va do do H thuoc mat phang (ft). Trong mat phang (y 3) ta co OH = a. Vay 
diem H luon luon ndm tren dirdng tron co dinh, dircmg kmh AB va nam trong 
mat phang co djnh (y 3) = (AB, BK). 


3.48. a) Hai tarn giac vuong SOB va AOB co canh OB chung va SB = AB = a nen 
chung bang nhau. Do do SO = OA - OC suy ra tarn giac SAC vuong tai S 
(h.3.88). 



Hinh 3.88 


Mat khac vi BD 1 AC va BD 1 SO nen BD 1 (SAC) => BD 1 SC 
b) Goi / la trung diem cua doan 5/41 
Vi BS = BA = a nen Bl 1 5/4 


Vi DS = OA = a nen D/ 1 5/4. Ta suy ra BID la goc cua hai mat phang (SAB) 
va (SAD). Trong tarn gidc vuong AOB ta co : 


OA = 


AB~ -OB- 



a ^/6 


(vi theo gia thiet OB = 


el'll 

3 


Vi SO = OA nen 01 = 



<!& 'll _ aS_ 

~3 Y ~ ~Y~ 


Nhu vay ta suy ra : 01 = OB = OD do do tarn giac BID vudng tai I, nghla la 
(SAB) 1 (SAD). Chung minh tuemg tu ta co (SCB) 1 (SCD). 


c) Khoang edeh giura SA va BD chfnh la do dai doan vuong goc chung 01. 


Ta co : 01 — 


el'll 

1 


180 




CAU HOI TRAC NGHIEM 


3.49. (C) 3.50. (C) 3.51. (D) 

3.53. (D) 3.54. (D) 3.55. (C) 

3.57. (A) la menh di dung con (B), (C), (D) la menh di sai 

3.58. Menh de dung : (B); (C); (D). Menh d£ sai : (A) 

3.59. Menh de dung : (A). Menh de sai : (B), (C), (D). 

3.60. (B) 3.61. (D) 3.62. (B) 

3.64. (B) 3.65. (A) 3.66. (B) 

3.68. (D) 3.69. (B). 


3.52. (A) 
3.56. (C) 


3.63. (D) 
3.67. (B) 


BAi TAP ON CUOI NAM 

I. DE BAi 

1. Cho hai diem phan biet A, B va dudng thing d song song vdi doan thing AB. 
Diem C chay tren dudng thing d. Tim tap hdp cac trong tarn cua tarn giac ABC. 

2. Trong mat phing Oxy cho dudng thing d co phuong trinh x + 2y - 4 = 0. 

Viet phirong trinh cua dircmg thing d' la anh cua d qua phep d6ng dang co 

diroc bing each there hien lien tiep phep vi tir tarn O , ti so -2 va phep doi 
xung qua true Oy. 

3. Tir dien OABC co cac canh OA, OB, OC vuong goc vdi nhau tumg doi mot 

va co OA = a, OB = h, OC = c. Goi a, (3, y lin lirot la goc hcfp bdi cac mat 

phing ( OBC), {OCA), (OAB) vdi mat phing (A6C). 

9 9 9 

Chung minh ring cos a + cos (3 + cos y = 1. 

4. Hinh chop S.ABCD co day la hinh thang vudng ABCD vuong tai A va B. 
Hinh thang co canh AD = 2a, AB = BC = a va hinh chop co canh SA vudng 
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goc vdi mat phang ( ABCD). Goi C' va D' l£n lucrt la hinh chidu vudng goc 
cua dinh A tren SC va SD. 

a) Chung minh SBC - SCD - 90°. 

b) Chung minh ba dudng thang AD', AC', AB ciing nSm trong mdt mat 
phang. Tur do chung minh rang C'D' di qua mot didm co dinh khi dinh S 
di dong tren durdng thang vuong goc vdi mat phang (ABCD) tai A la Ax. 

c) Xac dinh va tinh do dai doan vuong goc chung cua AB va SC khi AS - ay/2. 

5. Hinh chop S.ABCD co day la hinh vuong ABCD canh a va co mat ben SAD 
la tarn giac ddu nam trong mat phang vuong goc vdi mat phang (ABCD). Goi 
/ la trung didm cua AD, M la trung did’m ciia AB, F la trung di&n cua SB va 
K la giao diem cua Bl va CM. 

a) Chung minh rang mat phang (CMF) vuong goc vdi mat phang (SIB) 

b) Tinh BK va KF va suy ra tarn gidc BKF can tai dinh K. 

c) Dung va tinh dd dai doan vuong goc chung cua AB va SD. 

d) Tinh khoang each giua hai dudng thang CM va SA. 

6. Hinh chop S.ABCD co day la hinh vuong ABCD canh a, canh SA = a va 
vuong goc vdi mat phang (ABCD). 

a) Chung minh cac mat ben cua hinh chop la nhung tarn giac vuong. 

b) Mat phang (a) qua A va vuong goc vdi SC l£n lucrt cat SB, SC, SD tai B', 
C',D'. Chung minh B'D' song song vdi BD va AB' vudng goc vdi SB. 

c) M la mot diem di ddng tren doan BC, goi K la hinh chidu cua S tren DM. 
Tim tap hop cac diem K khi M di ddng. 

d) Dat BM = x. Tinh do dai doan SK theo a va x. Tinh gia tri nho nha't cua 
doan SK. 

7. Hinh chop SABCD co day la hinh thoi ABCD tarn O canh a, goc BAD = 60°. 

'id 

Dudng thang SO vudng goc vdi mat phang (ABCD) va doan SO =-Goi E 

4 

la trung did’m cua BC, F la trung diem cua BE. 

a) Chung minh mat phang (SOF) vudng goc vdi mat phang (SBC). 

b) Tinh cac khoang each tir O va A den mat phang (SBC). 

c) Goi (a) la mat phang qua AD va vudng goc vdi mat phang (SBC). Xac 
dinh thidt didn cua hinh chop vdi (a). Tinh dien tich thiet di^n nay. 

d) Tinh goc giua (a) va (ABCD). 
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8. Cho tam giac d6u SAB va hinh vuong ABCD canh a nSm trong hai mat 
phang vuong goc vdfi nhau. Goi H, K lan lircrt la trung diem cua AB, CD va 
E, F lan lircrt la trung di^m cua SA, SB. 

a) Tmh khoang each tir A den mat phang ( SCD ) va tang cua goc giCra hai mat 
phang (SAB) va (SCD). 

b) Goi G la giao diem cua CE va DE. Chung minh CE vudng goc voi SA va 
DF vuong goc voi SB. Tmh tang cua goc giira hai mat phang (GEF) va 
(SAB). Hai mat phang nay co vubng goc voi nhau khong ? 

c) Chung minh G la trong tam cua tam giac SHK. Tmh khoang each tir G den 
mat phang (SCD). 

d) Goi M la diem di dfing tren doan SA. Tim tap hop nhung diem la hinh 
chieu cua S tren mat phang (CDM). 

9. Hinh chop S.ABCD co day la hinh vuong ABCD canh a, cac canh ben d£u 
bang a 4 3. 

a) Tinh khoang each tir S den mat phang (ABCD). 

b) Goi (a) la mat phang qua A va vuOng goc vdi SC. Hay xac dinh thiC't di6n 
cua hinh chop voi (a). 

c) Tinh dien tich cua thiet dien noi tren. 

d) Goi (p la goc giua AB va (a). Tmh sin^?. 

10. Cho hinh lap phuong ABCD.AB'C'D' canh a. 

a) Chung minh BC' vuong goc vdimat phang (AB'CD) 

b) Xac dinh va tmh do dai doan vuong goc chung cua AB' va BC'. 

11. Cho hinh vuong ABCD tam O, canh a. Tren hai tia Bx va Dy vubng goc voi 
mat phang (ABCD) va ciing nam ve mot phia cua mat phang (ABCD) lan 

■ a 2 

lucrt la'y hai di£m M va N- sao cho : BM.DN =- 

Dat BOM = a, DON = 0. 

a) Chung minh tan a .tan 0 = 1. Ket luan ducrc gi ve hai goc or va 01 

b) Chung minh mat phang (ACM) vuong goc vdi mat phang (CAN). 

c) Goi H la hinh chieu cua O tren MN. Tinh OH. Tir do chung minh rang AH 
vuong goc voi HC va mat phang (AMN) vuong goc voi mat phang (CMN). 
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12. Cho hinh lap phuomg ABCD.A'B'C'D' co canh la a. Goi E, F va M lSn luot la 
trung diem cua AD, AB va CC'. 

a) Dung thig't dien cua hinh lap phuang vdi mat phang ( EFM ). 

b) Tfnh cos<jc>vdi (pYa goc giua hai mat phang ( ABCD ) va (EFM). 

c) Tfnh dien tich cua thiet dien dung duoc a cau a). 


II. Hl/CfNG dAn giai va dap so 


1. Goi / la trung diem cua AB, khi do 
/ co dinh va trong tarn G cua tarn 
giac ABC thuoc trung tuyS'n Cl sao 

cho IG--IC. Do d6 co the xem 
3 

G la anh cua C qua phep vi tu tarn 
I, ti so ^ (h.3.89). 

2. Qua phep vj tu tarn O ti s 6 -2 ducmg 
thang d bien thanh duong thang d t 
co phuang trinh x. + 2y + 4 = 0. Qua 
phep ddi xung qua true Oy dudng 
thang d\ bien thanh duong thang d' 

co phuang trinh x - 2y - 4 = 0. Do 
la phuang trinh can tim. 

3. Huang dan : 

Goi H la hinh chie'u vuong goc cua 
dinh O xuong mat phang (ABC) 
(h.3.90). Ta chung minh duoc H la 
true tarn cua tarn giac ABC, nghTa 
la chung minh AH -L BC tai A', 
BH 1 CA tai B' va CH 1 AB tai C'. 

Tir do suy ra a = O/CA 

=> cos a = cos OA'A = sin OAA' 

OH OH 
OA a 



O 
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1 


(1) 




Hinh 3.91 


Hinh 3.92 


a) Ap dung dinh If ba ducmg vuong goc ta chumg minh dupe SB ± BC va 
SC 1 CD. 

b) Hay chumg minh AD', AC', AB d£u vuong goc vdi SD, tir do suy ra AD', 
AC’, AB cung nam trong mat phang (or) di qua diem A va vuong goc vdi 
SD. Do do CD’ di qua mot didm co djnh la giao didm / cua AB va CD khi 
didm S di dong tren ducmg thang Ax (h.3.91). 

c) Goi K la trung didm cua canh AD (h.3.92). Ta co AB // (SCAT 


13.BT.HINHHOC11 (C)-A 
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Dung AH 1 SK, HE // KC, EF // HA. 

Ta dirge EF la doan vuong goc chung cua AB va SC. 

AS.AK a4l.a a-B 


Ta co EF = AH va AH.SK - AS.AK. Suy ra AH - 


(SK 2 = SA 2 + AK 2 = 2a 2 + a 2 = 3 a 2 ). 


SK 


aB 


5. Huang dan : 

a) Chumg minh CM 1 Bl (h.3.93) va co CM _L SI, ta suy ra CM 1 (SIB). 
Mat phang ( CMF) chura durefng thang CM nen ( CMF) 1 (SIB). 

b) Xet tam giac vuong BCM ta co : 


BK.CM = BM.BC => BK = 


BM.BC 


Do do BK - 2 


a 

— a 


CM 
a aB 


aj 5 B 5 


Xet tam giac vuong SIB, ta co : 
SB 2 =SI 2 + IB 2 = — + — = 2a 2 . 


Do do SB = aB va BF = — = -^ 

2 2 

Xet tam giac BKF , ta co : 



Hinh 3.93 


a 


B 


FK 2 - BF 2 + BK 2 - 2BF.BK .cos B voi cos B - 


.IB _ 2 


SB aj2 


FK 2 - a2 \ q1 2 °^ °^ 


a 


Jt 5 


a 


B 


V 


J 


7a 2 a 2 a 2 a- ns aB nL , 

FK = -- =-Do do FK =—— = BK. 

' 10 2 5 5 
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Vay tam giac BKF c 6 BK = FK, nen tam giac BKF la tam giac can tai K. 

c) Mat phang ( SCD) chira CD, trong do CD // AB, do do ( SCD) 1 (SDA) vi 
CD 1 (SAD). 

Trong tam giac SAD ta ve AE ± SD thi doan vuong goc chung cua SD va AB 

ay/3 

la AE. Ta co AE la dudng cao cua tam giac d€u SAD nen AE = - 

d) Mat phang ( CMF ) chira CM va song song voi SA vi MF // SA. 

Do do khoang each giua hai duong thang cheo nhau SA va CM bang khoang 
each giCra SA va mat phang song song voi SA dong thcri chura CM. Ta co 

d(SA, CM) = d(SA, (CMF)) 

Theo cau a) ta co (CMF) ± (SIB) vdd giao tuyen la FK. 

Trong mat phang (SIB) dung SH 1 FK thi SH 1 (CMF). 

Do do SH = d (Sj4, CM) nghla la SH la khoang edeh giua SA va CM. 

Ta co SH - SF. sin SFH = SF. sin KFB = SF. sin SBI = SF ■ — 

SB 

aj 3 

aj2 2 _ a ^3 

6. a) Ap dung tinh cha't vuong goc cua SA vdi mat phang (ABCD) v a dinh li ba 
duong vuong goc, ta chumg minh dupe cac mat b6n cua hinh chdp la nhung 
tam giac vuong. 

b) D6 chumg minh : BD _L (SAC), do do BD A. SC. 

Mat khac vi (a) A. SC nen B'D' 1 SC. 

Nhu vay ta co hai dubng thang BD va B'D' phdn biet ndm trong mat phang 
(SBD) va cung vuong goc vdd SC. Nhung vi SC khong vuong goc vdi mat 
phang (SBD) nen hinh chieu cua SC tren mat phang (SBD) se vuong goc voi 
BD va B'D'. Suy ra BD II B'D'. 

Ta co-.BC 1 (SAB) BC1AB' 

SC 1 (a) ^ SC 1 AB'. 

V$y AB'l (SBC) ^ AB' 1 SB (h.3.94). 
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Hinh 3.94 Hinh 3.95 


c) Phan thuan : Vi SK A. MD, ap dung dinh li ba dtfcmg vuong goc, ta c6 : 
AK 1 DM hay AKD = 90°. 

Vay K nam tren ducmg tron dirdng kfnh AD trong mat phang ( ABCD). 

Goi O la tarn hinh vuong ABCD. Vi DM luon lu6n nam trong goc BDC nen 
K nam tren cung OD (h.3.95). 

Phan dao : Lay diem K bat ki tren cung OD, DK cat BC tai M. Ta phai 
chung minh SK _L DM. That vay, di6u do hien nhien vi AK J_ DM. 

Vay tap hop cac diem K khi M di dong tren doan BC la cung OD . 

d) Vi BM - x, nen CM - a- x, vay : 

DM - yja 2 +(a — x) 2 

Tam giac AMD c6 dien tich bang — nen : 

2 

Ta c6 : SK 2 = SA 2 + AK 2 

c „2 2, « 4 a 2 (x 2 -2ax + 3a 2 ) 

x -2ax + 2a x -2ax + 2cr 
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SK= a A 


l x 2 -2ax + 3a 2 
x 2 -2ax + 2a 2 


SK nho nhat khi va chi khi AK nho nhat, tire la khi va chi khi K trung O, 
hay x = 0. 


Khi do 5K min 



a\l6 

2 


7. 


Khoang each tir diem M den mat phlng (a) ditoc ki hieu la d(M , (a)). 

a) .VI BCD la tarn giac d6u nen DE1 BC va do do OF ± BC, ngoai ra SO _L BC 
n£n BC 1 (SOF ). 

b) Trong mat phang (SOF) dung OH 1 SF thi OH 1 (SBC). Trong tarn giac 
vubng SOF , ta co : 

1 1 1 16 16 64 3a 

-2 = - 2 + -2 = - T + -2 = - 2 ^ 0H = V' 

OH 2 OF 2 OS 2 3 a 2 9 a 2 9 a 2 8 


Vay d(0, (SBC)) - — • 

o 

Goi / = FO n AD. Trong mat phang (SIF) dung : IK 1 SF. 
Vi AD H (SBC) nen ta co : 

d(A, (SBC)) = d(I, (SBC)) = IK = 20H = — ■ 

4 


c) Ta co IK _L (SBC) nen (a) la mat phang (ADK). Giao tuyen cua (a) vai 
(SBC) la MN // BC. Ta dirpe thiet dien la hinh thang ADNM (h.3.96). Muon 

SK 

tinh MN ta can tmh ti so-Xet tam giac vudng SOF ta tfnh diroc 



Do do 


V3 

2 

SK_ 

SF 


va xet tam giac vuong SKI ta tfnh diroc SK = 


= —• Ta suy ra MN = — ■ 
2 2 


a\l3 

4 


5 ADMN 


f 




a 

a + — 
2 


3 a 

T 


9a^ 

16 
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Hinh 3.96 


d) Goi cp la goc gitra (a) va ( ABCD ). 


Ta co w = KIF va cos tp = — - —A— 

IF 3 


3 _2__V3 
4’ V3 " 2 


Vay p = 30°. 

Ta ki hieu khoang each nhu trong bai 7. 

a) Vi AH II ( SDC) nen d(A, ( SDC)) = d(H, ( SDC )). Xet tam giac vubng SHK 
ta tfnh duoc : SK = ^2.. 


Trong ( SHK) dung HH' 1 SK thi HH' J_ ( SCD) nen HH' = d(H, (SDC)). 

a2 3 


Ta co :HH' = 


HS.HK _ 2 


i2 3 a221 


lyfl 7 


Goc giua hai mat phang (SAB) va (SCD) la goc HSK (h.3.97) 
— HK a 2 2V3 


tan HSK = 


SH aS S 3 
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Hinh 3.97 


b) Ta co CS - v SK 2 + KC 2 = 2a 2 =>CS=a<J2. 

Do do CA = CS= aj2. Vi E la trung diem SA nen CE _L SA. 


Tuong tu ta co : DE _L SB. 

Goi I la giao di^m cua EF va SH. Ta co HIK la goc giCra hai mat phang 
(GEF) va (SAB). Ta hay xet tan HIK : 

— HK a 4 4yf3 


tan HIK = 


HI aS S 3 


Vay hai mat phang (SAB) va (GEF) khong vudng goc vdi nhau. 
c) Ta co Kl la trung tuyen cua tarn giac SHK va Kl qua G. 

GK CD 

Mat khac -=-= 2 => G la trong tarn cua tarn giac SHK. 

GI EF 

Cl 1 

Do do HG di qua trung diem L cua SK, va-= — ma d{H, ( SCD )) 

HL 3 

vay d(G, (SCD)) = i d(H, (SCD)) = • 

Jj 4-> 1 / 


x 42 A 


d) CD 1 (SHK) => (CDM) 1 (SHK). Dung MN // CD, N e SH, ta dupe 
(CDM) n (SHK) = KN. 
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Dung SP 1 KN thi SP 1 ( CDM), do 
do P la hinh chieu cua S tren mat 
phang (CDM). 

Ta co : SPK - lv. Do do P thuoc 
ductng tron ductng kfnh SK trong mat 
phang ( SHK). 

Mat khac ta chu y rang vi M di d6ng 
tren doan SA nen N di dong tren 
doan SH. 

Ta suy ra diem P chay tren c.ung SH. 

Chumg minh xong phan dao ta se tim 

dupe tap hop cac diem P la cung SH 
(h.3.98). 



9. a) Goi O la tarn cua hinh vuong ABCD 
thi SO la khoang each tir S den 
(ABCD) (h.3.99). 

Taco: SO 2 = SC 2 -OC 2 

„ 2 2u 2 10 a 2 

= Sa~ -=- 

4 4 


=4 >SO = 


aj \0 

~Y~ 


b) Vi BD 1 (SAC) nen BD 1 SC. 
Trong (S/1C) dung AC’ _L SC. AC' cat 
SO tai H va cat SC tai C’. Trong 
(SBD), dudng thang qua H va song 
song vofi BD cat SB va SD lan luot tai 
B’ va D’. 


S 



Hinh 3.99 


Ta co : B’D' 1 SC. Wky SC 1 mp (AB’C'D') va (a) la mat phang (AB’C’D'). 
Thiet dien can tim la tur giac AB'C'D'. 

c) BD 1 (&4C) => BD T AC' => B'D' 1 AC’. 

Do do : S AB , C , D , D 
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aj 10 


Ta co : AC' = 


SO.AC 

SC 


■as/2 


aj 3 


as !5 _ a>J 15 
V3 _ 3 


SC' 1 =SA l -AC' 1 =3 a 1 - 


2 5a 2 4a 2 


SC' = 


2a 


3 3 ~~ ^3 

TCr hai tarn giac vuong d6ng dang SOC va SC'H ta co : 

2 a 


SH - 


SC'.SC 4a 


SO 


aJlO y/lO 


Vi B'D'// BD nen : 

B'D' SH 4 a 2 


___-sR'/r- ^ „ F> 

BD SO M' aM~\0~5 5 ^ 

_1 aS 4 r- 2a 2 yf\0 2a 2 s/30 

ABW 

d) Goi <pla goc ( AB , (a)). 

Taco : CC' = SC-SC' = aj3-/^L = ^L. 

V3 3 

Dung OK //CC'vaiKe AC', thi O/T1 (a) va OK = - CC' = 

2 6 

aV3 


Dung BF = OK thi fiFi(a) va fiF = 


Ta co goc ( AB,{a )) = &4F = (p 

ayjl> 


sin BAF =. 


BF 

BA 


_ 6 _ 


a 


V3 

6 


sm#? = 




10. a) Ta co : B'C 1 BC' (dirong cheo hinh vuong). Vi ABCD.A'B'C'D' la hinh 
lap phirong nen : A'B'±_ (BB'C'C) =>A'B'±_ BC'. 
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Suy ra : BC'1 (A'B'CD ). 

b) Mat phang (AB'D) chura AB' va song song vori BC'. Ta hay tim hinh chieu 
cua BC' tren mat phang (AB'D). Goi E, F ltin lirot la tarn hinh vuong 
ADD'A', BCC'B'. Ke FH _L EB' (Hs EB). Khi do FH nam tren mat phang 
(A'B'CD) n6n theo cau a) FH 1 BC' hay FH 1 AD'. Vay FH 1 (AB'D). Do do 
hinh chieu cua BC' tren mp (AB'D) la duong thang di qua H va song song 
vdi BC'. Neu duong thang do cat AB' tai K, thi tu A've duong thang song 
song vdi HF, cat BC' tai L. Khi do KL ia doan vuong goc chung can dimg. 

Tir cong thrjrc : —- ta tmh duoc 
FH 2 FE 2 FB' 2 

KL = FH = — (h.3.100). 

3 


d: 



li. 


N BM _ DN 

a) lma= ->tanp =- 

OB OD 


OB = OD = 


flV2 
2 


Theo gia thidt BM.DN - — 

2 


„ BM.DN , 

nen ta co : tan a tan B = -= 1. 

OB.OD 


Do do tan a- cot/?^> a+ f3= 90° 

b) Ro rang rang AC 1 (Bx, Dy) n6n OM 1 AC va ON 1 AC (h.3.101). 
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Hinh 3.101 


Vay goc MON la goc giua hai mat phang ( ACM) va ( ACN ). 
Trong ( Bx , Dy), ta c6 : MON = 180° - (a + (3) = 90°. 


Do do : (ACM) 1 (ACN). 


. ... OB OD 

c) Ta co : OM - -* ON = 


cos a 


cos /3 


vudng MON nen : 


Vi OH la dircmg cao trong tam giac 


1 _ 1 1 _ cos 2 a + cos 2 _ 1 

OH 2 OM 2 ON 2 Ofl 2 Ofl 2 


Vay OH = 

Ta suy ra OH = OA = OC. Do do ^4//C = 90°, hay AH 1 //C. 


Vi MN 1 OH va MV 1 AC nen 

MV 1 (AHC). Do do A//C la goc giura 
hai mat phang (AMN) va (CMV). 

Tir do ta suy ra : (AMN) _L (CMV). 

12. a) Goi O va O' lln lucft la tam cua cac 
hinh vuong ABCD va A'B'C'D', IM cat 
00' tai K (I la trung diem cua EF). 
Dudng thang qua K song song vdi BD 
cat BB' va DD' tai P va Q. Thiet dien 
la ngu giac EFPMQ (h.3.102). 


D' 



C' 


M 




Hinh 3.102 
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b) Ta co (p- MIC. 


a 


CM 2 ^2 

tan 67=-= —^ 7 = = 

1C 3ayf2 3 


cos <p = 


1 


1 


1 + tan 2 (p \+h. 11 


cos (p- 


svn 


VTT 


11 


c) Goi S la dien tich thiet dien EFPMQ va S' la dien tich hinh chieu EFBCD 


cua thiet dien xudng mat phang (ABCD). Ta tmh duac S' = 

T P S' la 2 ViT 7Vu 2 
Ta co : 5 =-=-=- a . 


8 


cos (p 8 


24 
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MUC LUC 

Trang 

ChirONq I 

PHtP DOTIHINH VA PHEP DONG DANG TRONG MAT PHANG 


§1. Phep bien hinh - §2. Phep tilth tien 

A. Cac kien thu’c cSn nhd 5 

B. Dang toan co ban 6 

C. Cau hoi va bai t$p 10 

§3. Phep doi xitng true 

A. Ck kien thuc can nhef 11 

B. Dang toan co ban 12 

C. Cau hoi va bai tap 16 

§4. Phep doi xieng tam 

A. Cac ki£n thuc can nhd 17 

B. Dang toan co ban 18 

C. Cau hoi va b&i tap 20 

§5. Phep quay 

A. Cac kien thurc cSn nhd 21 

B. Dang toan co ban 22 

C. Cau hoi va bai tap 24 

* 

§6. Khdi niem ve phep d&i hinh va hai hinh bang nhau 

A. Cac ki£n thurc can nhd 25 

B. Dang toan co ban 26 

C. Cau hoi va bai tap 28 

§ 7 . Phep vi tu 

A. Cac kien thuc can nhd 28 

B. Dang toan co ban 30 

C. Cau hoi va b&i tap 33 


197 



§8. Phep d6ng dang 

A. Cac kien thirc can nh6 33 

B. Dang toan co ban 34 

C. Cau hoi va bai tap 36 

Cau hoi va bai tap on tap chuang I 37 

Huang dan giai va dap so ' 43 

Chi/ONq II 

DltiNG THANG VA MAT PHANG TRONG KHflNG GIAN. 

QUAN HE SONG SONG 

§1. Dai cuang ve du&ng thang va mat phang 

A. Cac kien thu*c can nh6 56 

B. Dang toan co ban 57 

C. Cau hoi va bai tap 60 

______ *> 

§2. Hai du&ng thang cheo nhau va hai du&ng thang song song 

A. Cac kien thirc can nhd 61 

B. Dang toan co ban 62 

C. Cau hoi va bai tap 64 

_ -7 o 

§3. Du&ng thang va mat phang song song 

A. Cac kien thirc cin nhd 65 

B. Dang toan co ban 66 

C. Cau hoi va bai tap 68 

_ -7 

§4. Hai mat phang song song 

A. Cac kien thirc can nhd 69 

B. Dang toan co ban 71 

C. Cau hoi va bai tap 73 

§5. Phep chieu song song. Hinh bieu dien cua mot hinh khong gian 

A. Cac kien thirc can nhd 75 

B. Dang toan co ban - 76 

C. Cau hoi va bai tap ^ 77 

Cau hoi va bai tap on tap chucfng II 78 

Huang dan giai va dap so ' 82 
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Chiroivq III 


VECTO TRONG KHONG GIAN. 

QUAN H| VUONG GdC TRONG KHONG GIAN 

§1. Vecta trong khong gian 

A. Cac kien thirc can nh6 110 

B. Dang toan co ban 114 

C. Cau hoi va bai tap 118 

_ 2 

§2. Hai du&rig thang vudng goc 

A. Cac kien thirc can nho 120 

B. Dang toan co ban 121 

C. Cau hoi va bai tap 127 

§3. Du&ng thang vudng goc vdi mat phang 

A. Cac ki6n thric can nho 128 

B. Dang toan co ban 130 

C. Cau hoi va bai tap 134 

_ ^ 

§4. Hai mat phang vudng gdc 
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B. Dang toan co ban 136 

C. Cau hoi va bai tap 139 
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8. BAI TAP NGirvAN 11 (tap mot, tap hai) 
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Ban doc co the mua sach tai : 

• Cac Cong ty Sach - Thiet bi trucmg hoc a cac dia phucrng. 

• Cong ty CP Dau tu va phat trien giao due Ha Noi, 187B Giang Vo, Ha Noi. 

• Cdng ty CP Dau tu va phat trien giao due Phucrng Nam, 231 Nguyin Van Cu, Quan 5,TP. HCM. 

• Cong ty CP D^u tu va phat tribn giao due Da Nang, 15 Nguy6n Chi Thanh, TP. Da Nfng. 
hoSc cac eda hang sach cua Nha xuat ban Giao due Viet Nam : 


-Tai TP. Ha Noi : 

-Tai TP. Da Nang : 
-Tai TP. Ho Chi Minh : 

-Tai TP. Can Thd : 


187 Giang Vo ; 232 Tay Sdn ; 

23 Trang Tien ; 25 Han Thuyen ; 32E Kim Ma. 

15 Nguyin Chi Thanh ; 78 Pasteur. 

104 Mai Thi Lpu, Quan 1 ; 5 Binh Thdi, Quan 11 ; 

231 Nguyen Van CO va 240 Tran Binh Trong, Quan 5. 
5/5 dudng 30 thang 4, Quan Ninh Kieu. 


Website : www.nxbgd.com.vn 




8 


Gia: 8.900d 




































